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Abstract

A theory of data types and a programming language based on category theory are
presented.

Data types play a crucial role in programming. They enable us to write programs easily
and elegantly. Various programming languages have been developed, each of which may
use different kinds of data types. Therefore, it becomes important to organize data
types systematically so that we can understand the relationship between one data type
and another and investigate future directions which lead us to discover exciting new
data types.

There have been several approaches to systematically organize data types: algebraic
specification methods using algebras, domain theory using complete partially ordered
sets and type theory using the connection between logics and data types. Here, we use
category theory. Category theory has proved to be remarkably good at revealing the
nature of mathematical objects, and we use it to understand the true nature of data
types in programming.

We organize data types under a new categorical notion of F,(G-dialgebras which is
an extension of the notion of adjunctions as well as that of T-algebras. T-algebras
are also used in domain theory, but while domain theory needs some primitive data
types, like products, to start with, we do not need any. Products, coproducts and
exponentiations (i.e. function spaces) are defined exactly like in category theory using
adjunctions. F,(-dialgebras also enable us to define the natural number object, the
object for finite lists and other familiar data types in programming. Furthermore, their
symmetry allows us to have the dual of the natural number object and the object for
infinite lists (or lazy lists).

We also introduce a functional programming language in a categorical style. It has
no primitive data types nor primitive control structures. Data types are declared
using F, GG-dialgebras and each data type is associated with its own control structure.
For example, natural numbers are associated with primitive recursion. We define the
meaning of the language operationally by giving a set of reduction rules. We also
prove that any computation in this programming language terminates using Tait’s
computability method.

A specification language to describe categories is also included. It is used to give
a formal semantics to I, (G-dialgebras as well as to give a basis to the categorical
programming language we introduce.
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Chapter 1

Introduction

This is an exploration of data types through category theory. It is an attempt to achieve
better understanding of data types, their uniform classification, and discovery of a new
world of data types. Data types have been with us since the very first programming
languages. Even some machine languages now have some concept of data types, but
early programming languages had only a fixed number of data types, like integers, reals
and strings, and/or a fixed number of data type constructors, like array constructors
and record constructors. When we gradually realized how important data types were,
programming languages started having richer and richer data types. A number of
programming languages now allow us to define our own data types. Some might even
say that the richer they are, the better the programming languages are. Programming
languages can be classified by the way how they handle data types.

There is no question about the importance of data types. Much research in this area
has produced various kinds of data types, so varied that one cannot capture them all.
We now need to systematically organize data types. We want to know the connection
between one data type and another. We want to know the reason why those data types
are with us and while some other data types are not. After getting a clear view of data
types, we might find the future direction to discover other important data types.

There have been already some attempts to organize data types. We can name some of
the important ones: Domain theory is one, algebraic specification is another and type
theory is one where a lot of research is going on at the moment. In this thesis, we
will present yet another attempt to organize data types. We do so by using category
theory. We call our data types Categorical Data Types (or CDT for short).

One might ask “Why category theory?” Category theory is known as highly abstract
mathematics. Some call it abstract nonsense. It chases abstract arrows and diagrams,
proves nothing but about those arrows and diagrams, rarely talks about what arrows
are for and often concepts go beyond one’s imagination. However, when this ‘abstract
nonsense’ works, it is like magic. One may discover a simple theorem actually means
very deep things and some concepts beautifully unify and connect things which are
unrelated before.
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In ordinary mathematics, whether we are aware or not, we are in the world of set
theory. Mathematics has been so well developed with set theory that we can hardly
do anything without it. Therefore, it is very natural that semantics of programming
languages is generally based on set theory. Note that it is often said that most of
programming languages do not have set theoretic semantics and, therefore, domain
theory has been developed, but this does not contradict with “semantics based on set
theory”, because domain theory itself is based on set theory. A domain is a set with
certain properties.

Set theory is a powerful tool, but sometimes this power disfigures beautiful objects
so that we cannot directly see their natural properties. For example, in set theory it
is not easy to see either the duality between injective and surjective functions or the
duality between cartesian products and disjoint sums. It is in category theory that
these dualities come out clearly. Category theory concentrates on the outer behaviour
of objects. It does not care what is in an object, whereas set theory is all about what is
in an object. It is interesting to know that seeing from the outside reveals the nature of
an object more naturally than seeing its inside. For example, one of the most important
concepts discovered by category theory is adjunction (or adjoint situation), which is
strikingly simple but very beautiful and unifies various concepts under the same name.

Our slogan is: “category theory can provide a better and more natural understanding of
mathematical objects than set theory”, so we use it to guide our tour around the world
of data types. Note that we do not mean to abandon set theory by this. We will still
heavily rely on it, but our intuition should not be obstructed by it.

1.1 Backgrounds

1.1.1 Algebraic Specification Methods

Algebraic specification methods were first developed to describe what programs do.
They are not like operational semantics or denotational semantics. These semantics
also describe what programs do but in a different way. They describe it by giving
meaning to each part of programs. They need to know how programs are written, that
is, they need actual codes. Whereas, algebraic specification methods never talk about
how programs are implemented. They describe their behaviour abstractly viewing from
outside.

This abstract view point, seeing from outside, led to the discovery of abstract data
types (see e.g. [Goguen, Thatcher and Wagner 78]). It is interesting to know that
algebraic specification methods were started to describe programs but it also developed
a theory of data types. Since algebraic specification methods try to describe things
from an outside point of view, they cannot talk about the concrete nature of data types
which programs handle. Therefore, the data types also needed to be abstracted and,
thus, abstract data types have been developed. We may divide algebraic specification
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methods into two: specification of data types and specification of programs.

Specification

of Programs

Specification of Data Types

Algebraic Specification

It is the former, specification of data types, that concerns us in this thesis.

Algebraic specification methods got their method of describing data types from abstract
algebras in mathematics. Mathematicians have been using abstract algebras for about
a century. Abstract algebras are only concerned with concrete real algebras insofar as
they satisfy some laws. For example, a set with a binary operation is a group when the
operation is associative, there is an identity and every element is invertible. A real set
and a real operation can be anything, integers and 4+, general linear matrixes and their
multiplication, and so on. Any theorem established for general groups can be applied
to any real groups. There are various kinds of abstract algebras: groups, rings, fields,
and so on. Those abstract algebras can be presented uniformly by universal algebras.
Algebraic specification methods use a many-sorted version of universal algebras.

Naively speaking, an algebraic specification is a triple (S, %, F), where S is a set of
sorts, ¥ is a S x S-indexed set of operations and F is a set of equations over .
For example, in an algebraic specification language CLEAR [Burstall and Goguen 80,
Burstall and Goguen 82] a specification of lists may be as follows.

constant List =
theory

sorts element, list

opns nil : list
cons : element, list -> list
head : list -> element
tail : list -> list

equs all e : element, 1 : list, head(cons(e,l))
all e : element, 1 : list, tail(cons(e,l))

nn
= ®

endth

S'is { element,list }, Y155t 18 { nil }, ¥1ict element 1S { head }, and so on. F consists
of the two equations above.

There are several problems about this specification as we will see immediately after we
say what a specification means. An algebraic specification (5,3, ) defines a class of
many sorted algebras each of which, say A, consists of an S-sorted set |A| and functions
far|Als, x ..o x |Als, — |A]s for each [ € X, s, s which satisfy the equations in F.
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The first problem of the above specification is that not only lists satisfy it but also
many of other data types as well. There is actually no way to make it describe only
lists so long as we stick to first order methods. We need something of second order.
The way algebraic specification methods usually obtain this is to put data constraints.
We rely on the categorical fact that the initial algebra is unique up to isomorphism. In
this case, we put a data constraint onto the sort ‘1list’, but not to ‘element’ because
if we put a data constraint onto ‘element’ then the ‘element’ sort would be empty.

The second problem is that ‘head” and ‘tail’ are partial functions. The specification
does not say what is ‘head(nil)’ or what is ‘tail(nil)’. In order to fix this problem,
we have to introduce, for example, error algebras or go into partial algebras.

The third problem is that although we put a data constraint on ‘list’ it is not im-
mediately obvious that ‘nil’” and ‘cons’ can construct all the lists. Some algebraic
specification languages do distinguish these constructors from the others.

The fourth problem is about the sort ‘element’. We actually need it as a parameter.
When we use this specification, ‘element’ denotes a particular data type defined by
another specification and we need a way to plug in any specification of ‘element’
into this specification. Actually, CLEAR has this facility. ‘List’ can be defined as
‘procedure’ taking parametrized type ‘element’. However, this new specification no
longer corresponds to a class of algebras but to something one level higher.

Many other problems there might be, but most of them have been solved in one way
or another. The important point we would like to make is that the naive idea of

algebraic specification = universal algebra

does not work well and we have to put a lot of other ideas into algebraic specification
methods. One might wonder why so many complications are needed to define everyday
objects like lists.

In CDT, we stick to the very simple relation
categorical data type = F, G-dialgebra

F, G-dialgebras can be seen as an extension of universal algebras (see section 3.1). We
do not need to introduce meta arguments or any other complicated ideas into CDT in
order to define lists or other basic data types.

1.1.2 Domain Theory

Domain theory was started with denotational semantics [Stoy 77, Scott 76]. In order
to give denotational semantics to programs, we need several domains to which the
denotations are mapped. Those domains are often interwoven and recursively defined.
The most famous example of this is the following D.

D=D—=D
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This domain D was necessary to give denotational semantics to the untyped lambda
calculus. In general, we would like to solve the following domain equation:

D > F(D)
where F(D) is a domain expression involving D.

Though domains are mathematical objects and not necessarily representable in com-
puters, the idea of recursively defined data types has been adopted into several pro-
gramming languages. For example, we can have a domain L for lists of A elements by
solving!

L=Z1+AXL,

and in the original version of ML, [Gordon, Milner and Wordsworth 79], we could define
the data type for lists just like the same.

abstype ’a list = unit + ’a # ’a list
with ...

On the other hand, some domains cannot be represented in the same way. For example,
we can have a domain [ for infinite lists of A elements by solving

]gAX]J_

where [, is the lifting of [ by adding the new least element, but we cannot define
infinite lists in ML in a similar way.

Comparing with algebraic specification methods, in domain theory we can define data
types easily and there is no complication of parametrized data types, but we have some
difficulty of defining operations over data types. In algebraic specification methods we
define operations together with data types, but in domain theory we have to define
them using the isomorphisms of domain equations.

If an algebraic specification (5, %, £) has no equational constraints (i.e. £ = @), the
initial algebra can be given by solving the following domain equations.

Als = D Al x ..o x A,

fezsl...sns

By this connection, we can see the possibility of combining algebraic specification
methods and domain theory together. Actually, data types in the current Standard
ML [Milner 84, Harper, MacQueen and Milner 86] are defined in this mixed fashion

(see also section 5.3).

Categorically, we can go the other way round. If F(D) is a covariant functor, the
initial fixed point of F'(D) can be characterized as the initial F-algebra. A F-algebra
is a categorical generalization of an ordinary algebra. The main idea we borrow from
domain theory is this connection between initial fixed points and initial algebras.

'We have to say what kind of domains we are dealing with. Let us say in this thesis that a domain is
a complete partially ordered set with the least element and a function between domains needs to be
continuous and strict.
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After becoming familiar with category theory, one can notice the dual connection be-
tween final fixed points and final co-algebras. People rarely talked about them until
recently [Arbib and Manes 80]. One of the reasons is that co-algebras are not so pop-
ular and another reason is that final fixed points are often the same as initial fixed
points in domain theory. However, in CDT we will use this dual connection as well.
Final co-algebras give us some very intersting data types like infinite lists. We defined
infinite lists by the initial fixed point of

I =2 Ax ]J_
Actually, what we were doing using the lifting I, is to get the final fixed point of

I =ZAxI.

1.2 Basic Category Theory

This section is to roughly introduce some categorical concepts we will use in the rest of
this thesis. The author refers to category theory text books like [Mac Lane 71], [Arbib
and Manes 75] and [Lambek and Scott 86] for a more detailed account of category
theory.

A category C is given by

o a collection of objects |C]|,

o for any pair of objects A and B, a collection Hom¢(A, B) of morphisms from
domain A to codomain B, (we write f: A — B for f € Hom¢(A, B))

o for any objects A, B and C', an operation called composition denoted by ‘o’ from

Home (B, C') x Home (A, B) to Home (A, C') which is associative,

(fog)oh=fo(goh)

o for any object A, an identity morphism I4: A — A such that for any f: B — A
and any g: A — C
Ijof=Ff and goly=yg

Two objects A and B are called isomorphic if there are two morphisms f: A — B and

g: B — A such that
fog=15g and go [ =14.

f and ¢ are called isomorphisms.

The opposite category C°P of a category C is defined by reversing the direction of all
the morphisms in C.

Homgeor (A, B) = Home(B, A)
We may write C°” morphism f°?: A — B for C morphism f: B — A.

The product category C x D of a category C and a category D is given as
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o a C x D object is (A, B) for a C object A and a D object B
¢ a C x D morphism from (A, B) to (A, B') is (f,g) for a C morphism f: A — B
and a D morphism ¢: A — B.

A covariant functor F from a category C to a category D (we write F:C — D) is given

by

o associating a D object F(A) for every C object A
o associating a D morphism F'(f): F(A) — F(B) for every C morphism f: A — B
such that
F(Iy) =Ipwy  and  F(fog)=F(f)oF(g)

A contravariant functor is defined in a similar way except that F'(f): F(B) — F(A).

A natural transformation o from a covariant functor £:C — D to a covariant functor
G:C — D (we write a: F' = (F) is given by

o associating a D morphism a4: FI(A) — G(A) for every C object A such that for
any C morphism f: A — B the following diagram commutes.

]

ap

When every ay is an isomorphism, we call « natural isomorphism.

Two functors F:C — D and G:D — C are called adjoints if there exists a natural
isomorphism

tap: Homp(F(A), B) = Home (A, G(B)).

F'is called the left adjoint functor of G and & is called the right adjoint functor of F.
We also call ¢4 g (or its inverse ;/)Z}B) factorizer or mediating morphism.

1.3 Development of Categorical Data Types

The motivation of CDT was to adopt the categorical way of defining data types into
specification languages. Anybody educated using set theory has quite a shock when
he first sees the way category theory works. It gives a totally different point of view
to things which are familiar. Things which were vaguely connected suddenly are fitted
into systematic places. It seems that the nature of things is finally revealed.

There are many beautiful concepts discovered through category theory, but here we
concentrate only one of them, namely adjunction (or adjoint situation). In [Mac Lane
71], one will find many equivalent forms of the definition of adjunction (we gave one of
them in section 1.2). One may be first at a loss for chosing the definition. Adjunction
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is so versatile that it can be seen in a number of different forms and it is sometimes
difficult to understand it if one sticks to a particular form of the definition. The form
is not important if the spirit is understood. Adjunction can be regarded as a property
of two functors or because of the unique correspondence between two functors it can
be seen as defining one of them from the other. It is the latter which is important to us
because it is a typical way of defining things in category theory. Let us see an example.

Using set theory, we can define what the product of two sets is, what the product of two
groups is, what the product of two topological spaces is, and so on. Each definition
is obviously deferent from the others but all of them are called by the same name,
product. Why is that so? Is there any common property which all the different kinds
of products should satisfy? Can we give the general definition of product? Category
theory can give an affirmative answer to these questions. The categorical definition of
products is

For object A and B, the product A x B is an object such that there are
two morphisms

T AXxB— A and T AXx B — B
and for any given two morphisms
f:C— A and gC— B

there is a unique morphism h: ' — A x B such that the following diagram
commutes.

™ T2

A

B

It is easily shown that any two objects satisfy this definition are isomorphic.
We may write (f, g) for h.

This definition is general enough to cover the definition of products for sets, groups,
topological spaces, and so on. We no longer need to define products for each individual
case.

The generality should not be bound only in mathematics. Why should it not equally
be appropriate to the definition of products in programming languages? The product
data type of type A and type B is usually defined as a type of records whose first
component is of type A and the second one is of type B, but this definition is like one
in set theory. It assumes too much about how elements of data types are represented.
It is not acceptable as an abstract description of the product data type. If the product
data type is defined as an abstract data type, how can we present it?
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We can directly adopt the categorical definition of products. There are five ingredients
in the definition.

two given objects A and B,

the object A X B we are defining,

two morphisms 7i: A X B — A and 73: AX B — B,
(f,9):C — Ax Bfor f:C — A and ¢:C — B, and

the commutative diagram.

A

We may write these down as follows

object A x B is
T AX B — A
7o AX B — B
(f,9):C — Ax Bfor f:C — Aand g:C — B

where ()
UNIY <f7.g> = f
T2 O <f7.g> =g
Floh:f/\ﬂ'QO}l:gjh:<f7.g>
end object.

Can we call this a categorical definition of the product data type constructor? Although
this is an exact copy of the categorical definition, it has somehow lost the spirit of
category theory; its beauty; its simplicity. The categorical definition of products we
gave is in a disguised form of adjunction. The definition could have been sufficient
to just say that the product functor is the right adjoint of the diagonal functor. The
previous definition expands this into plain words so that there are a lot of duplications.
One of them is that the type of { , ) can be deduced from the type of 7y and m,. If f
and g has the same type as 7y and 7, except replacing A x B by C, (f, g) is a morphism
from C to A x B. Another duplication is that the commutative diagram can also be
deduced from the rest. There are no other trivial ways to make diagrams involving
71, 72, f, g and (f, g). Therefore, the definition of product data types can be written
simply as
object A x B is
T AXxB— A
7o AX B — B
end object.

This supplies the minimal information to get back to (*). Now, we have to use the fact
that A x B is defined by adjunction (it was not necessary in (*)). Let us indicate this
by saying it is a right object as well as declaring ( , ).

right object A x B with (, ) is

T AXx B — A
7o AX B — B
end object

This is the declaration of the product data type constructor in CDT (except for minor
changes).
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Let us examine the generality and simplicity of this declaration mechanism through
examples. Let us try exponentials B4. The functor e is defined as the right adjoint
functor of @ x A. The definition in CDT is

right object B4 with curry( ) is
eval: BA x A — B
end object

We can derive the usual definition of exponentials from this definition. First, the type

of curry( ) should be
fiCxA—B

curry(f): C — B4

The type of f is obtained from the type of ‘eval’ just replacing B4 by C'. The commu-
tative diagram which curry(f) gives can be obtained by connecting

eval f
BA x A B and O x A B

by curry(f): ¢ — B*. The only way to connect them together results

eval
BAx A B
curry(f) x A f
Cx A

The morphism denoted by curry(f) is the unique one which makes this diagram com-
mute. Thus, we recovered the ordinary definition of exponentials.

We said ‘right object’ for products and exponentials. It is natural to think that we also
have ‘left object’ as dual. The dual of products are coproducts. Let us define them in

CDT.
left object A+ B with [, ] is

vr:A— A+ B
ve:B— A+ B
end object

The type of [, ] can be obtained from the type of v; and v,.

f[A—C g B—C
[f,9: A+ B—C

Note that [f,g] goes from A + B to C not the other way round as it would be if it
were a right object. The name ‘left object’ came from the fact that A+ B is in the left
hand side of —. Remember that A x B was in the right hand side of — for { , ).
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A natural way of connecting f and ¢ with 1 and vy by [f,¢] gives us the ordinary
commutative diagram which [f, g] should satisfy.

%1 Vg

A

We demonstrated that we can express basic categorical constructs in CDT. Those
constructs, or data types, are primitives in ordinary programming languages. Can we
declare more familiar data types? In fact, the ‘left object’ declaration gives all those
which can be defined by algebraic methods with no equations. ‘Without equations’
seems that we cannot define much, but actually it gives us all the important data types
of ordinary programming languages. For example, natural numbers can be defined as

left object nat with pr( , ) is
zero:1 — nat
succ:nat — nat

end object

This is very much like a specification of natural numbers in algebraic specification
methods except that we do not have the predecessor function or plus or times and that
we have something called pr( , ). From analogy of the types of [, ] and (, ), the type

of pr(, ) should be
f:1—C g C —C

pr(f,g):nat — C

We also obtain the diagram characterizing ‘nat” as we did for products and others.

Zero succ
1 nat nat
| |
O | |
/ : pr(f,g9) @ : pr(f,9)
! !
C C
g

This is exactly the definition of ‘nat’ being a natural number object in category theory
and it is well-known that we can define all the primitive recursive functions using
pr(, ). For example, the addition function can be defined by

add & eval o (pr(curry(wz), curry(succ o eval)) o 7y, ma).
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As another example, we give the definition of lists in CDT. It is

left object list(A) with prl(, ) is
nil: 1 — list(A)
cons: A X list(A) — list(A)
end object

The type of prl(, ) is

fi1l—C gAxC —C
prl(f,g):list(A) — C

The diagram is

nil cons

1 list(A) A x list(A)
| |
Q | |
f : pl’l(f,g) a : IAXprl(fvg)
! !
B Ax B

g

Remember that our definition of lists in CLEAR had ‘head” and ‘tail’, but we do not
declare them here. We can define them by prl( , ).

head & prl(vy, vy 0 mp) list(A) — A+ 1
tail [1 0 g, 12] 0 prl(ve, 11 0 (71, [cons, nil])) s list(A) — list(A) + 1
‘Without equations’ is not a disadvantage to define everyday data types.

By the connection between initial fixed points and F'-algebras, we can define the initial
fixed point D of a covariant functor F(X) as follows.

left object D with () is
a:F(D) — D
end object

« gives one direction of the isomorphism between D and F/(D), and ¢( ) gives unique
arrows.

We have been using ‘left object’” more than ‘right object’, but they are dual and there
are equally as many right objects as left objects. Just they are not familiar in ordinary
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programming languages. For example, the following definition gives the data type for
infinite lists.
right object inflist(A) with fold( , ) is
hd:inflist(A) — A
tl:inflist(A) — inflist(A)
end object

This gives the final fixed point of 1 = A x [.

We have devised, based on category theory, a simple way of defining data types. The
next question is whether we can adopt this method into ordinary programming lan-
guages. The answer is negative. Although what we can define in this way is far less
than what we can define using algebraic specification languages with equations, we still
have some strange things that can be defined in this way. Let us see an example. We
defined list(A) as a parametrized data type but in fact it is a functor.

list(f): list(A) — list(B)
for a morphism f: A — B is often called map function. In LISP it is ‘MAPCAR’

and in ML it is ‘map’. The general declaration mechanism of CDT allows us to define
the left and right adjoint functors of list(A) which could not exist in the world of
programming. We need to put a restriction to prevent these objects. The restriction
will come out of a notion of computability in our setting. Interestingly, it turns out
the category should be

cartesian closed + initial fixed points + final fixed points

We might see the similarity between this and the connection of lambda calculus and
cartesian closed categories.

By putting this computability restriction, we can regard CDT as not only a device of
defining data types but also a programming language. We program in a categorical
fashion; there are no concrete data but morphisms; programs are also morphisms;
there are no variables in programs. The computation in this language is reduction
from morphisms to canonical ones. For example, we can reduce

add o (succ o zero, succ o zero) = succ o succ o zero
which corresponds to the calculation of 1 + 1 = 2.
We summerize the characteristics of CDT as follows.

1. CDT uses categorical characterization of data types. We do not need to say
things explicitly. All the equations are automatically generated for definitions.

2. CDT needs no primitive data types. Ordinary programming languages (e.g. PAS-
CAL, LISP, ML) have primitive data types: natural numbers, lists, records, and
so on, but CDT does not. They can be defined. Thus, CDT is analogous to
algebraic specification methods where we can specify them as well. However,
algebraic specification methods cannot specify higher order data types (i.e. func-
tion spaces or exponentials in a categorical term) nor can they specify products
without using equations.



CHAPTER 1. INTRODUCTION 14

3. CDT can not only define products without explicitly mentioning equations but
also can define exponentials.

4. CDT is symmetric in the sense that we can define initial algebras (or initial fixed
points) as well as final co-algebras (or final fixed points).

5. Algebraic specification methods use initiality implicitly and do not use the unique
homomorphisms between the initial algebras and the others, whereas CDT has
explicit access to the unique morphisms. This gives the power of programming
without going though equational characterization as it is necessary in algebraic
specification methods.

6. Domain theory does not use the initiality explicitly either. The reason for this
is that recursion in ordinary programming languages provide all the power of
programming.

7. CDT defines functors. Functors are thought to be parametrized data types.
Algebraic specification methods usually introduce parametrization later, but in
CDT functorial behaviour of parametrized data types is treated at the base level.

1.4 In This Thesis

The theory of categorical data types is divided into three: Categorical Specification
Language, Categorical Data Types and Categorical Programming Language.

Categorical
Programming Language

Categorical Data Types

Categorical Specification Language

Chapter 2 is about Categorical Specification Language (CSL for short). CSL is a
specification language. It is an extension of ordinary algebraic specification languages.
Whereas algebraic specifications specify algebras, it specifies categories. In order to
specify categories, CSL has to handle functors, natural transformations and factorizers
(or mediating morphisms). A CSL signature declares some functor names and their
types (i.e. variances), some natural transformation names and their types and some
factorizer names and their types. A CSL sentence is a conditional equation of functors,
natural transformations and factorizers. A CSL model is a category equipped with
functors, natural transformations and factorizers which have right types as are specified
in the signature and which satisfy the sentences.

Chapter 3 gives the main idea of Categorical Data Types. The difference between
CSL and CDT is that whereas CSL declares functors, natural transformations and



CHAPTER 1. INTRODUCTION 15

factorizers separately and connects them by sentences, CDT declare them together in
a style of adjoint declarations. The semantics of CDT will be given informally in terms
of F,G-algebras and formally in terms of CSL. There are some examples of data types
we can define in CDT.

Chapter 4 is about Categorical Programming Language (CPL for short). CPL is a
functional programming language which adopts the categorical declaration mechanism
of data types from CDT. In order to define the notion of computation in CPL, we
have to put some restrictions to CDT. We will introduce the notion of elements and
canonical elements and present reduction rules to reduce elements to their equivalent
canonical elements. We will also prove that any reduction in CPL terminates using
Tait’s computability method.

Each of those three languages, CSL, CDT and CPL, characterizes a category of data
types in different ways.

Syntax Semantics
CSL | Signature and Sentences Models
CDT | Adjoint Declarations Freeness and Co-Freeness
CPL | Restricted Adjoint Declarations | Operational

In chapter 5, we will investigate the real consequences of our study in CDT. Section 5.1
is about an implementation of CPL as a real programming language. Section 5.2 is
about the connection between CDT and typed lambda calculi, and finally in section 5.3
we will attempt to extend ML incorporating the CDT data type declaration mechanism.

1.5 Comparison with Other Works

Systematic studies of data types have already been carried out by various people in
various contexts: ADJ in the context of initial algebras [Goguen, Thatcher and Wagner
78], Plotkin, Smyth and Lehmann in the context of domains [Lehmann and Smyth 81,
Smyth and Plotkin 82] and Martin-Lof in the context of type theory [Martin-Lof 79).
This thesis is about a study of the same subject in the context of category theory. We
do not try to extend the traditional approaches as Parasaya-Ghomi did for algebraic
specification methods to include higher order types [Parasaya-Ghomi 82], nor do we try
to unify two approaches together like [Dybjer 83], but we just directly use categorical
methods of defining things.

Categorical Programming Language in chapter 4 might resemble Categorical Abstract
Machine (CAM) by Curien [Curien 86], but he is only interested in cartesian closed
categories whereas CPL deals with a class of different categories. Moreover, the reduc-
tion rules in CPL is systematically generated for products, coproducts, exponentials,
natural numbers, and so on. We do not give any special reduction rules for any data
types we define. CPL can be seen as

CPL = CAM + initial data types + final data types.
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Actually, CAM can be absorbed into ‘initial data types’ and ‘final data types’, so in
CPL we do not need to start with a particular set of reduction rules for cartesian closed
categories. CPL has an ability to define cartesian closed categories and the introduction
of data types also gives the control structure over those data types. Here is another
slogan: “control structures in programming languages come out of the structure of data

types”.

Data Types Control Structures
boolean +«+ if statement
disjoint union <+ case statement
natural number <+ primitive recursion, for statement
product <« pairing
function space <« function call

Barr and Wells uses sketches in [Barr and Wells 85] to describe algebras categorically.
It is more powerful than ordinary algebraic specification methods because sketches can
use any kind of limits whereas algebraic specification methods uses only products. It
is interesting to investigate CSL by sketches.



Chapter 2

Categorical Specification Language

CDT can be seen from various points of view and can be presented in many ways.
In this chapter, we present it as a specification language for categories (we call the
specification language Categorical Specification Language or CSL for short). This is not
the way originated, and it is difficult to recognize natural properties of data types in
this way. We will give an alternative and more intuitive definition of CDT in chapter 3.
However, the aim of CSL is to give mathematically rigorous background for the more
intuitive presentation of CDT.

In applicative functional programming languages like ML, it is natural to see that their
data types and functions form a category; each data type is an object; each function
is a morphism; we have an identity function; and two functions can be composed in
a usual way. We can also treat other programming languages including procedural
ones semantically as defining domains and functions, and we can see that they form a
category. These categories associated with programming languages reflect the charac-
teristics of the programming languages. Thus, the study of data types can be carried
out by examining these categories. CSL is a specification language for these categories.

Usually, a category is given by defining what an object consists of (e.g. a set for Set,
the category of sets) and what a morphism between objects is (e.g. a set function for
Set), but this is not the way CSL works. We are trying to understand a category
in an abstract manner; we do not say what an object is; instead, we specify how it
is constructed through its relationship among other objects. We saw in chapter 1 an
ML data type for lists and it was a parameterized data type. We can now see it
as a data type constructor; given a data type it constructs a new data type for the
lists of the given data type. Categorically, constructors of objects are functors and
they provide structures for categories. Remember that a cartesian closed category is a
category with three functors, the terminal (constant) functor, the product functor and
the exponential functor. Thus, CSL specifies a category equipped with some functors.
Because the properties of functors are often described in terms of their interaction with
natural transformations and factorizers (e.g. the binary product functor is explained
with two natural transformations, m; and 7y, and factorizer { , }), CSL also specifies
natural transformations and factorizers.

17
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Let us make a comparison with algebraic specification languages like CLEAR [Burstall
and Goguen 80, Burstall and Goguen 82]. An algebraic specification consists of decla-
rations of some sorts and some operations on these sorts. Sorts are their data types.
A model of an algebraic specification is a many-sorted algebra. On the other hand, a
CSL specification consists of declarations of some functors, some natural transforma-
tions between them and some factorizers. Functors correspond to sorts, and natural
transformations and factorizers correspond to operations. A model of a CSL specifica-
tion is a category equipped with some functors, some natural transformations between
them and some factorizers. It is abstract in the sense that the specification does not
distinguish between equivalent categories (an algebraic specification does not distin-
guish isomorphic algebras). Note that, in general, the various models of a specification
are not equivalent (e.g. not all the cartesian categories are equivalent).

As CSL specifies functors, the treatment of parametrized data types is different from
algebraic specification languages. It specifies one level higher objects. The concept of
parameterized data types and how to combine them play very essential roles in algebraic
specification languages, but parameterized data types are treated in their meta-level
(one level higher than the level treating algebras), that is specifications themselves are
parameterized rather than dealing with parameterized sorts in specifications. In CSL,
on the other hand, parameterized data types are the basic objects in specifications.
In one specification, several parameterized data types can be declared and their re-
lationship is directly specified. Therefore, combining specifications does not play as
important a role as it does in algebraic specification languages.

Our goal in this chapter is to define the specification language CSL. In section 2.1,
we will introduce several notations for dealing with functors which will be necessary
later. In section 2.2, we will define the CSL signatures and in section 2.3 the CSL
structures. The definition of CSL sentences and the CSL satisfaction relation will be
in section 2.5 which follows section 2.4 in which we will introduce expressions involving
natural transformations and factorizers. Finally, in section 2.6 we will show that there
is an initial CSL structure for each CSL theory.

2.1 A Functorial Calculus

Before giving the definition of CSL signatures, we will look at some aspects of functors.
This will be a kind of a functorial calculus though not as abstract as [Kelly 72] is. [Kelly
72] develops a calculus of combining functors as we will do in this section, but for the
purpose of solving the coherence problems, and he treats many variable functors quite
extensively. However, he does not say much about mixed variant functors which we
are interested in. We will also generalize variances to include free-variance and fixed-
variance for uniform treatment.

Functors are very much like ordinary functions except that functors have variances.
Let F' be a unary functor C — C and G be a binary functor C x C — C. Then, we can
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combine them to get more complex functors:
GF(X),Y)  F(GXFY))) GIE(X), GIX,Y))

We call them functorial expressions. Of course, not every such expression denotes a
functor. For example, G/(X, X) is not a proper functor if (G is covariant in one argument
and contravariant in the other. It is a functor if GG is covariant in both arguments or
contravariant in both arguments, or if G' does not depend on one of the arguments.

In order to cope with these situations uniformly, we introduce two new variances: fixed-
variance and free-variance. We say that a functor F(X) is firzed-variant in X if F is
not functorial in X, that is, /' maps objects to objects, but not morphisms. We also
say that a functor F(X) is free-variant in X if F' does not depend on X. Therefore,
when GG:C x C — C is covariant in the first argument and contravariant in the second,
G(X, X) is a fixed-variant functor.

Let us introduce the symbols for variances.

Definition 2.1.1: Let Var be the set of variances {4+, —, L, T}: + for covariance,
— for contravariance, L for free-variance and T for fixed-variance. ||

The next definition is extending the notion of opposite categories.
Definition 2.1.2: Let C be a category.

1. CT is C itself.

2. C” is the opposite category of C.

3. C* is the category which has only one object and only one morphism (i.e. the
identity of the one object). We may call the category one point category.

4. C" is the category which has the same objects as C but no morphisms except
identities. ||

In this way, we can regard the variances as functions mapping categories to categories
(i.e. Cat — Cat, where Cat is the category of (small) categories) or we can even
regard them as a monoid acting on Cat.

Definition 2.1.3: (Var,e) is a commutative monoid with unit 4+, where the monoid
operation e: Var x Var — Var is defined by the following table.

o L |4+ |—|T
S I A B
+L|+]—|T
—|L|—=|+|T
TIL|T|T|T




CHAPTER 2. CATEGORICAL SPECIFICATION LANGUAGE 20

Proposition 2.1.4: (Var,e) is a monoid acting on Cat, that is, C**" = (C")" for any
u,v € Var.

Proof: We have to show (C7)~ = C (i.e. the opposite of opposite is itself) and so on,
but they are trivial. |

Since we will deal with many variable functors and they are functors from products
of categories C X --- x C to a category C, Var action for product categories should be
investigated.

Proposition 2.1.5: Var action on Cat distributes over products, that is, for any
categories C and D

(C x D)* =" x D"
Proof: In case u is —, it says that the opposite of the product category is isomorphic
to the product of the opposite categories and it is the case because (f,¢)°®: (A, B) —
(C,D) < (f,9):(C,D) = (A,B) — f:C s Aandg: D — B < fPA->C
and ¢*: B — D < (f°?,¢°P): (A, B) — (C, D). The other cases are trivial. ||

We need one more preparation before talking about mixed variant functors. The cate-
gory C' can be embedded into CT as well as into C™ and they themselves are embedded
into C*, that is we have the following embedding functors.

C-I—
VAN
ct cr
NS
-

We introduce a partial order on Var to respect these embeddings.

Definition 2.1.6: Cis a partial order on Varsuchthat Ll T+ C Tand L T — C T. |
From the definition, it is clear that

Proposition 2.1.7: If u C v, there is an embedding functor €,,:C" — C". |

Now we can start talking about mixed variant functors and their calculus. As a function
is associated with an arity (simply a natural number), a mixed variant functor over a
particular category C is associated with a wvarity which is a sequence of variances. For
example, binary functor G:C X C — C which is contravariant in the first argument and
covariant in the second is a functor with a varity —+.

Definition 2.1.8: A mixed variant functor F of varity v ... v, is a (covariant) functor
from C" x --- x C" to C. ||

When we are given a Var*-indexed set I' of primitive mixed variant functors, where
el ., i1s afunctor of varity vy ...v,, we would like to establish how to combine
these primitive functors and get more complex functors like H(G(X,Y), FI(X)).

Firstly, we extend the action of variances on categories to that on functors. For exam-

ple, from a contravariant functor F:C~ — C we get a covariant functor F7:C — C™ as
def

F-(ftA—= B) = F(f*:B— A).
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Definition 2.1.9: For a functor F:C — D,
1. afunctor FT:CT — D1 is F itself,

2. a functor F~:C~ — D~ is given by F~(A) = A for an object A in C and
F=(f°P) = F(f)°® for a morphism f in C,

3. afunctor F*:Ct — D" is the identity functor since both C* and Dt are the one

point category, and

4. a functor FT:C" — D' has the same object mapping as F' but no morphism
mapping.

FT.¢cT - DT

F:C—=7D

F—:C =D

rLt.ct - pt

This definition is forced from the definition of C*, so Var action has more structure.

Proposition 2.1.10: For a functor F':C — D, (F")" = F"*".

Proof: We have to check this for all the combinations of v and v. For example,
(F=)T = FT is true because F~ only changes the mapping of morphisms but (F7)T
forgets it. [

We have the two propositions which give us the basis for combining mixed variant
functors.

Proposition 2.1.11: For functors F:C** x -+ x C"" — C" x --- x C"™ and G:C" x
- x C" — C (i.e. varity vy...v,), G o Fis a functor of C*"* X -+ x C"» — C (i.e.
varity wy ... u,).

G

CYh x...x(C"™ CH" x---x(C"

C

Proof: Trivial from the definition of composition of functors. ||
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Proposition 2.1.12: For functors Fy:C*"* x---xC" — C", ..., F:C*" x---xC"" —
C'™, (Fy,..., F,) is a functor of C** x --- x C"" — C" x --- x C".

c*

7
CH" x - x(C¥

m

(Fi,...,F,)

cv = C"x-.--x(C¥ CH" x---x(C'm

com
Proof: It is trivial from the definition of products in Cat. ||

The two propositions allow us to combine functors only if the source and target cate-
gories match exactly. For example, F:C — C and G:C™ — C cannot be composed into
G o F'. Therefore, we have to first convert functors of C** x --- x C"" — ( into those
of ¥ x - -+ x C"" — C*. There are two ways to do so.

Firstly, from definition 2.1.9, functor F' of varity v ...v,, that is [’ is a functor of
C" x---xC"™ — C, into

Fu(Chox oo xCm)t = C 2 C"* x - x C = C
The isomorphism is from proposition 2.1.5 and proposition 2.1.4.

The other way of conversion is using embedding functors and coercing functors into
greater variances (e.g. covariant functor can be a fixed variant functor).

Definition 2.1.13: If vy C vy,...,u, C v, and I is a functor of varity uy...u,, we
can coerce it to a functor of varity vy...v, by

F|U1...Un d:ef F 1) (e’U,l,Ul X e X eunﬂ]n)‘

UL . Un

C*" x ... x(C"

C

We may write F'|"¥" when u; . ..u, is obvious. |
Let us now define the composition of mixed variant functors.

Definition 2.1.14: Let F be a functor of varity ;... u, and GG, ..., G, be functors
of varity v11 ... Uiy -« -5 On1 « - - U, Tespectively. Then we have a functor F[Gy,. .., G,]
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of varity wy ... w,, where w; def up@vy; U---Uu, ev,;". The definition of the functor is
PGy, Gy B F o (Gu]wrvm L Gln|wrm)

Proof of well-definedness: G is a functor of C"* x --- x C""™ — C. G} is a functor

of CU* x ... x C*m — C*. Since u; ® v;; T wy,...,u; ® vy, T w,, from defini-
tion 2.1.13 G*|***m is a functor of C** x -+ x C*™ — C*. From proposition 2.1.12
(Gur|wrom o G [P g a functor of CY X - XCP™ — C* - - - X CU. Therefore,

from proposition 2.1.11,
Fo(Gu|otm G| rtmy C - x CY = C
is a functor of varity wy ... w,,. |

The variances of Gy, ...,G, are appropriately modified according to the varity of F
and then the least upper bound is taken so that we can pair them together.

We need some lemmas to show the associativity of the composition.
Lemma 2.1.15: Let u C v and F' be a functor of varity w, ...w,.

1. For any w, uew C vew and (€,,)" = €uewveu-

2. The following diagram commutes.

v
Cuowl X oo X Cuown I Cu
w W
eu,lv XX eu,v O euﬂf
[
USW] UWn, I v
C X - xC C

In other words, the action of Var on functors is natural with respect to the partial

order C.
3. euw o] FU — Fu|w10v...wnou
4. F|u1...un|v1...vn — F|u1l_lv1...un|_|un

6. (Fy,... F) = (Fr, ... FY)

n

7‘ (F|v1...vn)u — Fu|v10u...vnou

Var is a commutative semiring with unit: Ul as its addition and e as its multiplication. If we express
varities as vectors, then varity of F[Gy, ..., G,] can be computed by the following matrix multiplica-
tion.

Vi1 ... U1m

(wi, ..., wm) = (U1, ..., uy)
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Proof: We have to check any pairs of v and v 1 and 2 hold from the definitions. 3
follows 2. 4, 5 and 6 are easy to show and 7 follows them.
(F|U1“.Un)u = (F 0 (ethl XX ewnyvn))u
= FU‘ o (ewlﬂfl X X ewnyvn)u = FU‘ o ((ewlvvl)u XX (ewnyvn)u)

=F"o (euﬂou,mou X X ewnou,vnou) = FU|U1.U...Un.u I:I

Proposition 2.1.16: Let F', Gy,...,G, and Hy,..., H,, be functors of the following
varities:

Fiuy...u,
Grvig e Vm, v S GriUpg o Uny
Hy:wygooowy, o0 S Hyiwpg .o owpy

Then, the following equality between functors holds:
(F[Gl, ey Gn])[H17 ey Hm] = F[Gl[Hl, ceey Hm]7 ey Gn[H17 P 7Hm]]

Proof: Let varity ay...a,,, b11...b611,...,0,1...0, and ¢1...¢ be

V11« - Ui
(a1, . ap) def (tUpy.. .y ty) .
Vpl + v+ Upm
byt by V11 -+ Ui W11 wyy
def : , and
bt ... by Vpl v+ Upm Wi+« Wiy
U11 Uim W11 wyy
(Clv 7cl) = (ulv 7un) :
Vpl v v Upm Winl -+ - Winy
Then,
(F[Gq,....,GL])[Hy, ..., Hy
= Fo(Gufmman | Gun|aean) o ([ |aee | ffom|ea)
= Fo (G| o <HU‘1|C1 )
= F o (G} 0 (€y 0010, X €y eugam ) O (HPH 000,
= F o (G} o (€ 0u .01 HU”|C1 ), )
= F o (G" o (F1em [rnensu. wllov10u1|c1 QY
= F o (G o (HY |- )LL)
whereas
FIGy[Hy, ..., Hy), ... .G, [Hy, ..., H,]]
= Fo((Gyo(H™m i e |bn...bll>)u1 e L)
= F o (G o (Hunew b ereer Y
= Fo (G} o (H{e* | 00,00

Therefore, the proposition holds. ||
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Mixed variant functors form an algebraic theory but with an extra structure. Mixed
variant functors are functions between four sorts, +, —, L and T.

Finally, we can show what functorial expressions like H(G/(X,Y), F(X)) mean. Let I
be a Var*-indexed set of primitive functor names?. Then, we define

FE(I') 4% the set of terms constructed from I' and variables like term al-
gebras.
CFE() ¥ { \(Xy,...,X,).E | E€FE(T)and Xy, ..., X, includes all the
variables in £}
We call elements of FE(I') functorial expressions over I and call elements of CFE(I")
closed functorial expressions over I'. As we can convert any lambda closed term in a
term algebra to a morphism in the corresponding algebraic theory, we can convert any
closed functorial expression into functors. Let £ be an assignment of functor symbols
in 'y, ., to real functors of varity vy ...v, in C, that is, { is a Var*-indexed function
such that
oy Loy 0, — Funct(C™ x --- x C™,C)

where Funct(D, &) is the category of functors from D to £ We may write {F for
.o (F). We can extend assignment ¢ to that over CFE(I") as follows

x, assigns expressions in FE(I') which have Xi,..., X, as variables to

.....

where II7 is the ¢th projection of the n fold product of C.

Example 2.1.17: Let I' consist of a unary functor symbol F' which is covariant, a
functor symbol G of varity +4 and a functor symbol H of varity —+. Let ¢ be an
assignment of I'. Then, A(X,Y).H(G(X,Y), F(X)) denotes the following functor by

.
EAX,Y)H(G(X,Y), F(X))) = EH[EGIT, T3], EF[ITT]]

The varity of II? is +_1, that of {F' is + and, therefore, from definition 2.1.14, £ F/[I1%]

has varity +.1. The varity of H% is +1, that of H% is 1+, that of £G is ++ and from
definition 2.1.14 the varity of (G113, 113] is

(_|_7_|_)(j i) =(+e+lU+el +olll+oe+)=(+UL, LU+)=(+,+)

Finally, the varity of the whole functor is

(—+) (i I) =(—e+tU+eoef,—otlteol)=(—U+,-UL)=(T,—),

so it is fixed-variant in X and contravariant in Y. ||

2From now on, we distinguish names (or symbols) from what they denote.
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The last proposition in this section is to establish the relationship between the syn-
tactic substitution of functorial expressions and the composition of functors defined in
definition 2.1.14.

Proposition 2.1.18: Let
AMXq,. ., X)L E and AYr, oY) By oo MY, Y B
be closed functorial expressions. Then,

ENXps o, X)) E)EAYas o Y ) B EO(Yas -, Yo ) )]
= (Vi ..., V) BB/ X1, ... Ea) X))

where F[E;/Xy,...,E,/X,] is £ in which Xy,..., X, are replaced by FEy,..., E,,
respectively.
Proof: We can easily prove it by structural induction on £ using proposition 2.1.16 [

From this correspondence, for closed functorial expression K of n variables and L+, ..., L,
of m variables, we write

K[L1, ..., Ly]

for a closed functorial expression of m variables which is obtained by replacing n
variables in K by Lq,..., L,. Then, the proposition is

2.2 Signatures of Categorical Specification
Language

A specification normally consists of a signature, which says what kind of sorts there
are and what kinds of operations there are, and a set of sentences (or equations), which
give properties of the operations. A specification defines a class of models which have
what the signature says and satisfies the sentences. Therefore, in order to define a
specification language, we have to define what its signatures are, what its sentences
are and what its models are. However, it is often convenient to define, first, models
without being constrained by sentences and, then, define a satisfaction relation between
a statement and a model determining whether the statement is true in the model or
not. A model which satisfies all the sentences is called a theory model. See institutions
[Goguen and Burstall 83] for a categorical abstract definition of what specification
languages are.

A CSL signature will be divided into three parts; in the first part, we will declare some
names for functors, which will serve as parameterized data types (or data type con-
structors); in the second part, we will declare some names for natural transformations,
which will serve as polymorphic functions over the parameterized data types; and in
the third part, we will declare some names for factorizers (or mediating morphisms),
which will be necessary to put initial or final constrains on the data types.
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The first part can be presented as a Var*-indexed set I'. F'in I';, ,, 1s said to have
varity vy ...v,. We may write F'(vy,...,v,) to indicate this.

I' looks almost like an equational signature for algebraic specification languages. It
is as if Var were the set of sorts and I' were a set of operations over the sorts. The
only difference is that I' is not a Var*xVar-indexed set but simply a Var*-indexed set.
This is because we can apply Var to functors to get other functors as we explained in
definition 2.1.9, so it is sufficient to give I as a Var*-indexed set.

Note that I' is one sorted. Each signature describes only one category. However,
because we are dealing with one level higher objects, it has the power to describe more
than one data type (or sort) inside one signature. We will illustrate this later in this
section.

In the second part, a CSL signature introduces some symbols for natural transforma-
tions. Normally, a natural transformation is defined as follows: given two functors
I G:C — D, a natural transformation a: F' — G is a function which assigns to each
A € |C| amorphism au: F'(A) — G(A) such that for any morphism f: A — B in C the

following diagram commutes.

As we have seen in section 2.1, closed functorial expressions provide more complicated
functors constructed from primitive functors in I'. Let A be CFE(I"). We index the set
of natural transformations by two closed functorial expressions, that is, the second part
of a CSL signature is given by a axa-indexed set A; o € Ak ;, will denote a natural
transformation ¢K — (L, where (¢ K and (L will be the denotations of K and L,
respectively. We may write a: K — L to indicate this. Since a natural transformation
should go between functors of the same number of variables, Ag ; should be empty
when K and L have different number of variables. Even if they have the same number
of variables, their variances may be different. In that case, we take the least upper
bound of two variances.

The third and the final part of a CSL signature introduces symbols for factorizers (or
mediating morphisms). In general, a factorizer is an isomorphism associated with an

adjunction. If F' — G where F:C — D and G:D — C, the factorizer i gives the

following natural isomorphism between hom sets.
: Homp (F(A), B) == Home(A, G(B))

For example, the factorizer associated with the binary product functor ‘prod’ (: CxC —
C) is ‘pair’ which gives for any two morphisms f:C — A and ¢: C' — B a morphism
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pair(f,¢): C — prod(A, B). We can write this situation as the following rule.

f
c-4 LB
pair(f,g)

C ——— prod(A, B)

In CSL, factorizers are given by a (Axa)*x(axa)-indexed set U (A = CFE(I')). The
index (axA)* specifies the type of morphisms to which a factorizer can be applied and
the index axa specifies the type of morphisms obtained by applying the factorizer. For

Y € V(Ky L) Ko L) (KAL) »

we may write it as the following rule.

Ky —Ly ... f[.K,—L,
O(fiyeo s fm) K = L
where fi,..., f, are auxiliary names of morphisms introduced for this rule. As we have

restricted the indexed set A, W should be indexed by functors of the same number of
variables, and also we take the least upper bound of the variances and regard it as the
overall variance.

Hence, we come to the definition of CSL signatures.

Definition 2.2.1: A CSL signature is a triple (I',) A, W), where I' is a Var*-indexed
set, A is a axa-indexed set (where A = CFE(I")) for natural transformations and ¥
is a (AxA)*x(axA)-indexed set for factorizers. As a restriction to the triple, Ag j, should
be empty if K" and L has the different number of variables and W, 1,y...(K L), (5, L))

should also be empty if K;, L;, K and L do not have the same number of variables. ||
As an example, we will give a CSL signature for cartesian closed categories.

Example 2.2.2: A cartesian closed category can be characterized as a category having
three special functors: terminal object ‘1’ (which is a constant functor), binary product
‘prod” and exponential ‘exp’. Therefore,

I'y =A{1}, 'ty = {prod}, I'_y = {exp},

where ‘()" denotes the empty string in Var®. The rest of I'; are empty. We sometimes
write the index set 1" as

{17 pI’Od(—I—, —I_)v exp(—, —I_)}

The product functor ‘prod’ is associated with two natural transformations which give
projection morphisms.

7 AKX, Y)prod(X,Y) — AMX,Y).X
7 A(X, Y ). prod(X,Y) = A X, Y)Y
If there is no ambiguity, we may write them by listing their components as follows:

Tiap:prod(A,B) — A
Toap:prod(A, B) — B
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Functors (I') 1 prod

(
Natural Transformations (A) my: prod(
(
(

Factorizers (¥) Ao
A —

f:C— A gC—B
pair(f,g):C — prod(A, B)
h:prod(C, A) — B
curry(h): C — exp(A, B)

Figure 2.1: CSL Signature for Cartesian Closed Categories

We might even omit subscripts from 7 4 g and 7,4 5. The exponential functor ‘exp’ is
associated with one natural transformation which gives evaluation morphisms.

ev: M(X,Y).prod(exp(X,Y), X) = AM(X,Y).Y
Note that the variance of these two functors is T+. Therefore, A is

A/\(X,Y).prod(X,Y),/\(X,Y).X = {771}
A/\(X,Y).prod(X,Y),/\(X,Y).Y = {772}
A/\(X,Y).prod(exp(X,Y),X),A(X,Y).Y = {GV}

For any other combinations of closed functorial expression K and L, Ag ; is empty.

Finally, there are three factorizers for the three functors: ‘I” for ‘1’°, ‘pair’ for ‘prod’
and ‘curry’ for ‘exp’.

EAX).X — A(X).1
FANXY, Z).7 = MX, Y, Z2).X GMNX Y, 2). 7 - MX, Y, 2).Y
pair(f,g): M(X,Y, Z).Z — N X,Y, Z).prod(X,Y)
h: M(X,Y, Z).prod(Z, X ) — M X, Y, Z2).Y
curry(h): M(X, Y, Z).7Z — M X, Y, Z).exp(X,Y)
It there is no ambiguity, we might write these rules down as in figure 2.1, where we
summarize the definition of the CSL signature for cartesian closed categories. We will

omit the tedious formal definition of ¥ as an indexed set. [

As we mentioned earlier, a CSL signature is one sorted, but because it handles higher
objects, it is no less powerful than a many sorted equational signature. Let us demon-
strate this. An equational signature is given by a pair (5, %) where S is a set (of sort
names) and X is an s*xs-indexed set (of operator names). We will translate it to a
corresponding CSL signature (I', A, W). Since functors play a role of sorts, we declare
a constant functor for each sort in S.

F() - S,
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and we have a binary product functor to deal with sequences of sorts,® and the terminal
object for constants.

I'yy ={prod} and Ig={1}

Operations will be translated to natural transformations: for each operation o €
Ys1..sn,5» We have a natural transformation of the same name.

o: prod(sy, prod(...,prod(s,_1,5,))) — s

that is,
A/\().prod(sl,prod(...,prod(sn_l,sn))),/\().s = 251...57“5

We also have two projections for ‘prod” in A and ¥ has only one factorizer ‘pair’ for
pairing. It is easy to see that the CSL signature (I', A, W) corresponds to the equational
signature (5, 3).

Proposition 2.2.3: A many-sorted equational signature can be represented by a CSL
signature. ||

It is interesting to know that we represented a many-sorted equational signature by a
category with products because an algebraic theory can exactly be given as a category
with products [Lawvere 63].

Let us make CSL signatures form a category by extending a pre-CSL signature mor-
phism in a natural way. Intuitively, a signature morphism (not only in CSL but in
general) does some renamings of symbols and/or some mergings of symbols.

Definition 2.2.4: A CSL signature morphism o from a CSL signature (I'; A, ¥) to a
CSL signature (I, A’ U’} is a triple (0, 0", 0"} consisting of

. . , ‘ , .
1. a Var*-indexed function o, Ty . 4, — I, for mapping functor names,

L Up Ky

2. a axa-indexed function (where A = CFE(T')) 0% 1 Ag p — ALy iy for mapping
natural transformation names, and

3. a (AxA)*x(AxA)-indexed function

" .
O UKy L1 Y (K, Lo ) (K, LYY
WKy LYo o L) (KLY — \I}/((glKl,cr’Ll)...(cr’Km,cr’Lm),(cr’K,a’L))

for mapping factorizer names.

We often write o " for o7, (F'), oo for o (o) and o4 for o, 1y ey (¥)- [
Definition 2.2.5: The category of CSL signatures CSig has CSL signatures as its ob-
jects and CSL signature morphisms as its morphisms. The identity morphism on a CSL
signature (I', A, W) consists of the corresponding identity functions for the components
and the composition of CSL morphisms is given by combining the component-wise
compositions as indexed functions. This clearly forms a category. ||

3We could have n-ary product functors for all natural numbers as well, but since we can represent them
using a binary one, we only declare the binary one.
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2.3 Structures of Categorical Specification Lan-
guage

In this section, we will define CSL structures. A CSL signature specifies symbols for
functors, natural transformations and factorizers, so intuitively, a CSL structure is a
category associated with these functors, natural transformations and factorizers.

Definition 2.3.1: Given a CSL signature (I'; A, W), a CSL structure (C,£) is a small
category C together with an assignment ¢

1. £ assigns each functor name of varity vy ... v, to a functor C"* x --- x C"" — C.*
As we have seen in section 2.1, £ can be extended to the assignment of closed
functorial expressions to functors.

2. € assigns each natural transformation name o € Ag 1, where K and L are closed
functorial expressions of n variables, to a set of C morphisms

Eaay,a, EK (AL, ... A) = EL(Ay, .. AL)
for arbitrary C objects Ay,..., A,.°

3. Each factorizer symbol ¥ € W, 1,)...(x.1)), Where Ky, Ly,..., K., Ly, K, L are
closed functorial expressions of n variables, is assigned to a set of Set functions

€nrons: [ Home (€K (Ao Ao ELi(Ars s A))

=1

— Home (EK(Ay, ..., AL)EL(AL, ... AY))
for arbitrary C objects Ay, ..., A,. [

Note that we do not assign a natural transformation symbol to a natural transfor-
mation, but it is mapped to a set of morphisms and whether they form a natural
transformation or not is left to be stated by equations.

Example 2.3.2: Let (I'; A, U) be the CSL signature for cartesian closed categories
defined in example 2.2.2. Then, any cartesian closed category is a CSL structure of
this signature by obvious assignment of the symbols to the functors, natural transfor-
mations and factorizers. However, the converse is not true. We can have a category

*We could say ¢ is a Var*-indexed function

vy vy Loy v, — Funct(C™* x -+ x C"",C).

®We could express it as a Axa-indexed function (where A = CFE(T))

fK,LIAK,L —>Nat(€[{|TT,€L|TT)
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which has three functors, three natural-transformation-look-alikes and three factorizer-
look-alikes. CSL structures do not require mapping natural transformation symbols
to natural transformations but only to a set of morphisms, nor do they require map-
ping factorizer symbols to factorizers. The factorizer-look-alikes may not give unique
morphisms or may not commute some diagrams. |

CSL structure morphisms are defined simply as a kind of homomorphisms. They keep
the structure nicely.

Definition 2.3.3: Given a CSL signature (I'y A, W), a CSL structure morphism from
a CSL structure (C,¢) to another (D, () is a covariant functor T:C — D such that

1. for any F'in Iy,
TolF =(Fo(T" x---xT")

holds,
EF
Chx---x(C"™ C
o1 X oo x T a
D" x - x D" D
(F

2. for any a € Ag 1 and for any C objects Ay,..., A,

and

3. for any ¥ € Wik, L))...(KnLn),(K,L), for any C objects Ay,..., A, and for any C
morphisms fi: EK;(Aq, ..., An) — ELi(Ar, .. A) (t=1,...,m),

T(EDay,nn(froeo oo ) = COTaL), et an) (L (f1)s oo T (i) [l

Hence, the category of CSL structures is:

Definition 2.3.4: For a CSL signature (I'; A, W), the category of CSL structures,
CMod((I', A, ¥)), has CSL structures as objects and CSL structure morphisms as
morphisms; the identity morphism on (C,¢) is the identity functor Iz and the compo-
sition of morphisms is the composition of their underlying functors. [

2.4 Functorial Calculus (revisit)

In section 2.1 we saw functorial expressions denote functors. In this section we will see
an expression involving natural transformation symbols and factorizer symbols denote
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a set of morphisms.® For example, under the signature of cartesian closed categories
given in example 2.2.2, what should the following expression denote?

71 o prod(curry(mz), I)

We even have a problem for expressions like 7y 07, because 71 and 7, are not projections
of the same product: 7 is of prod(A, prod(B,(C)) and 7y is of prod(B,C). Actually,
natural transformations are polymorphic like ML functions are.” As we defined in
definition 2.3.1, 7 denotes a set of morphisms.

{miypiéprod(A, B) — A
We have to figure out for each occurrence of 7y what A and B are.
Definition 2.4.1: For a CSL signature (I', A, W), we have a set Exp(I', A, ¥) of CSL
expressions defined by the following BNF.
e:=1|eoey | a| ¥ler,...,em) | Fler,...,en) | f

where « A, ¢p € ¥ and f is a variable for morphisms. We also have a set

S
AExp(I', A, U) of CSL annotated expressions defined by the following BNF.

e:=1IK] | exoey | a[Kq,...,K,] | ¥[Ky,....K,](e1,...,en) |
Fler,....en) | f
where Ky, ..., K, are closed functorial expressions over I'. [

It is trivial to see that for each annotated expression there is a corresponding expres-
sion (i.e. forgetting all the annotations, [...]), which we call skeleton of the annotated
expression. We are going to type-check an expression first and, then, we determine its
denotation. Annotated expressions are used to remember the type-checking informa-
tion inside expressions. We will give the typing rules for annotated expressions and
show that every expression has the most general annotated expression and we take the
type of this annotated expression as the type of the expression.

First, we define the notion of unification.

Definition 2.4.2: A closed functorial expression K of n variables is said to be more
general than a closed functorial expression K’ of m variables if there are closed func-
torial expressions Ky,..., K, of m variables such that

K[K,,...,K,) =K'

5Some may want it to denote a natural transformation, but the treatment of factorizers seems very
complicated to do so.

"Conversely, ML polymorphic functions are natural transformations. The author has not yet seen the
definite statement of this, but it is a folklore among computer scientists dealing with category theory.
This fact 1s rarely used in practice, but it sometimes helps to understand the behaviour of polymorphic
functions. For example, any ML function f of type alist — int should never depend on elements in
the list but only to the length of list. As another example, if f is of type alist — alist and if we apply
it to an integer list [1,4,3,5] and get [5,1, 3], we know the result of applying f to [2,8,6,10] (each
element is doubled) without actually applying it. The result should be [10, 2, 6], i.e. each element of
the result is doubled as well.
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where = is the equivalence relation ignoring variable renaming. (Trivially, K = K’

implies EK = EK.) ||

Definition 2.4.3: Closed functorial expressions K and L are said to be unifiable when
there is a closed functorial expression K’ such that K’ is less general than K as well

as L. [

Proposition 2.4.4: If closed functorial expressions K and L are unifiable, then there
is a most general unification, that is, there exist Ky,..., K,, and Lq,..., L,, such that
K[Ky,...,K,] = L[L4,...,L,] and for any K’ which is less general than K and K’
there are K1, ..., K] such that K’ = K[K;,..., K,][K1,..., K]].

Proof: Same as ordinary unification of terms. [

Let us now define the type of annotated expressions.

Definition 2.4.5: Let (I, A, ¥) be a CSL signature. An annotated expression e has a
type p - e: K — L when it can be derived from the following rules, where p is a given
assignment of each morphism variable to its type and K and L are closed functorial
expressions.

1. For the identity, p F I[K]: K — K.
2. For the composition,

phe:K' — L pheyp K — K’
pFeoeyr K — L

3. For a natural transformation o € Ak, where K and L are of n variables,

pFalKy, .. K K[Ky,...,K,)] = LIKy,..., K]

4. For a factorizer ¥ € W, L1)...(Km L) (K,L))» Where Ky, Li, K, L are of n variables,

pF e KiK!,....K'] = LiK!,...,K!]
pF IR, K (e, .. em): KK, ... K']— L[K},..., K!]

5. For a functor F' € 'y, 4,

pt e Ki—>L;
pb Fley, ... e.): FIKy, ..., K,] — F[Ly,...,L,]

where e;: K;—>L; is e K; — L; if v; is + or L, ¢;: L; — K, if v; is — and
LK, - K;ifv;1s T.

6. For a morphism variable f, p = f:p(f). |
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Definition 2.4.6: We say an annotated expression e is more general than ¢’ if there
exist closed functorial expressions Ki,..., K, such that ¢ = ¢[Ky,..., K,], where

e[Ky, ..., K,]is e with all its annotations being composed with Ky, ..., K, ,e.g. a[lLy,..., L, ][K1,...

is a[Ly[K1, .o, K]y L [Kas - K

Proposition 2.4.7: If an annotated expression e has a typep F e: K — L, e[Ky, ..., K,]
has the following type.

o[Krs o Ko F e[l K] KK, K] — LKy, K]
where p[Ky,..., K, ](f)is K'[Ky,...,K,]| = L'[Ky,..., K,] when p(f)is K' — L'

Proof: It can easily proved from definition 2.4.5 by structural induction on e. [

Proposition 2.4.8: Let e € Exp(I', A, U) be an expression of a CSL signature (I'; A, W).
If there exists an annotated expression ¢’ whose skeleton is e and if it has a type, then
there exists a most general annotated expression which has a type and whose skeleton
is e.

Proof: It can be proved by structural induction on e. Here, we present an algorithm
of calculating a most general annotated expression.

1. If e is I, the most general annotated expression is I[{], where [ is the identity
closed functorial expression A\(X).X.

2. If e is €1 0 e, from induction hypothesis, we have the most general annotated
expressions for e; and e,.

pbe K — K’ pe bey L — I

We unify K with L' achieving KKy, ..., K,] = L'[L1,..., L,,]. The most general
annotated expression for e and its type is

ok e Kes o KoL, Ll DLty L] — KK, K]
where p is the result of combining py[K7, ..., K, ] and py[Lq,..., L,].

3. If e is a natural transformation o € A 1, the most general annotated expression

and its type is
pbolly,....1I': K — L,

where II" is the closed functorial expression A(Xq,...,X,).X,.

4. If eis p(eq, ..., e5,) for a factorizer o € Wi, 1,y.. (k1> from induction hypoth-

veey

esis, we have annotated expressions € such that
1ot ’

We unify K with K; and L) with L;. If the unification is successful, we have the
most general annotated expression for e.

pE bl Tl e [ )

Y
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where Jy,...,J,, J{{, ... are the substitution for K; and L; obtained from the
unification and p is the result of combining p;[J1,, .. .].

5. If e is F(eq,...,e,), let the most general annotated expressions for e; be
pi b el Ki—5 L.
Then, the most general annotated expression for e and its type is

pb F(el,....e): F[Ky,...,K,] — F[Ly,..., L]

n

6. If e is a morphism variable f, its most general annotated expression is itself and
has the following type.

pF FAX,Y)X S5 MX Y)Y

From this proposition,

Definition 2.4.9: We define the type of an expression e € Exp(I', A, ¥) to be the
type of the most general annotated expression ¢’ whose skeleton is e. ||

Let us finally define the denotation of expressions in Exp(I', A, W) when a CSL struc-
ture (C,¢) is given. Since each expression e is associated uniquely to the most general
annotated expression ¢’ by proposition 2.4.8, we can define the denotation of ¢ to be
that of ¢’ and define the denotation of annotated expressions.

Definition 2.4.10: Let (I'; A, ¥) be a CSL signature and (C, ) be a CSL structure.
For an annotated expression e € AExp(I', A, W) of type pt e: K — L (where K and
L are of [ variables), we define its denotation, e, to be a set of morphisms

(fe)Al ..... Al:fl((Ala---aAl) —>€L(A1,,An)
for any C objects Ay,..., A; and for any morphism variable assignment w (where
w(f, A1,..., A) gives a morphism of type EK'(Ay,..., A)) — EL/(A4, ..., A;) when
p(f)is K" — L.

1. For the identity,

2. For compositions,

(CalKy, . o  Kp)) gty = EOCKI (AL Ao Kon (AL AL)
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4. For factorizers,

(fqvb[](lv"'7[(n](617"'7em))A1 ..... A d:ef

5. For functors,

(fF(elv"'ven))Al ..... Ay d:ef fF((fel)Al ..... Alv-"v(fen)Al ..... Al)

Proof of well-definedness: We have to show, for example, for a natural transforma-
tion o € Ak 1, (a[Ky,..., K,])a, . 4, is a morphism from

EK[K, .. K J(Ar, .. A) to EL[Ky, ..., K.](Ar,..., A

This holds because from definition 2.3.1 {aex, (4;,...A)),...6Kn (A1, A) 18 @ morphism from
ER(EK(Ayy .. A, .. ) to EL(EK (A, ..., Ar),...) and from proposition 2.1.18 it is
from EK[Kq,..., K)(Ar, ..., A) to ELIKY, ..o, Ku)(Ag, . Al ]

Example 2.4.11: Let (I''A, ¥) be a CSL signature for cartesian closed categories
presented in example 2.2.2 and (C, &) be a CSL structure of this signature where C is
a cartesian closed category and ¢ is the standard assignment (i.e. the product symbol
to the product functor and so on). Let us find out the denotation of ev o pair(f,x3).
First, we have to find out the corresponding most general annotated expression and its
type by the algorithm used to prove proposition 2.4.8.

1. ev o pair(f,my) is given by composing ev and pair(f, 7;), so we need to calculate
the most general annotated expressions for these two sub-expressions first.

(a) ev is a natural transformation, and its most general annotated expression is

p1 b ev[II}, I]): prod(exp, IT] — II;.

(b) pair(f,m,) is given by applying the factorizer pair to f and .
i. “f’is a morphism variable, its most general annotated expression is

pa b 112 — II5.

il. my is a natural transformation, and its most general annotated expres-
sion 18

p3 WQ[Hf,H%]:prod — H%.
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pair has the type
(I3, T )(TT5, T13),, (T03, prod(ITy, IT3]))
By unification, we get the most general annotated expression for pair(f, 7).

pa b= pair[lls, 1T, prod[IT}, IL]|(f, m [T}, IT3]):
prod[IT}, I1;] — prod|IL, IT;]
where py maps f to prod[II, II3] — II3.

Unifying prod[II3, I13] and prod[exp, II3], we get the most general annotated ex-
pression for ev o pair(f,7s).

ps F ev[Il3, I13] o pair[exp[II3, I15], 115, prod[IT{, TI5]]( f, o [115, 115])
s prod (15, 11}] — 113
where ps maps f to prod[II3, II3] — exp[II3, I13].

From definition 2.4.10, the denotation of this annotated expression is a set of morphisms
for objects A, B and C' and a morphism variable assignment

W(f. A, B.C):€prod(A, B) — Eexp(B.C).

fev[H%, ])ABC = {evpo
£f)ase =w(f, A B,C)
Emo[IF, 1)) 4B, = Emaa 5

Epair.. J(f, mal- - ]))aso =
paileey(B,c),B.eprod(a,B) (W[, A, B, C), €4 )

5. (Cevl.. Jopairl.. J(f,mal.. ])ape =
fevp e Ofpalfgexp(B C),B ¢prod(A4,B) ( ([, A, B,C),&may B)

B~ W

 (
 (
 (
 (

Therefore, the denotation of ev o pair(f, 72) is

{evpc Ofpalfgexp(B ©),B,éprod(4,B) ( (f, A, B,C),Emay B) [

2.5 Sentences and Satisfaction Relation of Cate-
gorical Specification Language

In this section, we will finish defining the specification language CSL at last. First, we
define what a CSL sentence is.
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Definition 2.5.1: A CSL conditional equation is a sequence of CSL expression pairs
and a CSL expression pair. We usually write it as

/
er=e AN...Ne, =€,

or simply e = ¢’ if the preceding sequence is empty. To be typed, it needs to share the
same morphism variable environment, e; and €/ have to have the same type and e and
¢’ have to have the same type. We may write the types as follows:

pber=eKi—LiAN...Ne, =€ K, = L,=>e=¢"K— L
We write CEq(I', A, W) for the set of all the CSL conditional equations which can be
typed. [

The CSL conditional equations are the CSL sentences. We now have to define the
satisfaction relation for CSL. We have separately defined what CSL structures are
and what CSL conditional equations are. The satisfaction relation connects these two
together so that we can say a CSL conditional equation holds or not in a particular
CSL structure.

Definition 2.5.2: Let (I', A, ¥) be a CSL signature. A CSL structure (C, {) satisfies

a USL conditional equation
er=€lN...Ne, =€, =>e=¢
having a type
pbe = Ki—ILiAN...Ne,=¢e K, — L, =>e=¢"K— L,

if and only if for any objects Ay,..., A; and any morphism variable assignment w we
have either

1. a CSL equation e; = ¢! such that (£€;)a,,...a, # (€i)a, . 4, OT

2. (€€)ay,..a, = (§€)ay, . nr-
We will write
C.&) Feaa=e\AN...Ne, =€, > e=¢
when (C, ¢) satisfies this CSL conditional equation. ]

We have defined the specification language, CSL: CSL signatures, CSL structures, CSL
conditional equations and CSL satisfaction relation. We could have defined it as an
institution (see [Goguen and Burstall 83]) by defining CMod as a contravariant functor
and showing CSL satisfaction condition.

Finally, let us finish presenting the CSL theory (i.e. a pair of CSL signature and CSL
conditional equations) of cartesian closed categories.
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Example 2.5.3: We have presented the signature for cartesian closed categories in ex-
ample 2.2.2 (or figure 2.1), so all we have to do is to list the CSL conditional equations.
(Note that they are not conditional for this example.)

1.f=!

21=1

3.pair(m,we) =1

4.7y o pair(f,g) = f

b.my o pair(f,g) =g¢

6.pair(f,g) o h = pair(foh,goh)

7.prod(f,g) = pair(f om, g0 m)

8.curry(ev) =1

9.ev o curry(prod(f,I)) = f
10.curry(f) o g = curry(f o prod(g,I))
Ll.exp(f,g) = curry(g o eval o prod(f,I))

The naturality of 71, 7y and ev can be derived from these equations. For example, the
naturality of 7y is shown by

71 0 prod(f, g) = 71 o pair(fonry,gom) = fom. I

2.6 Free Categories

One of the major advantages of algebraic specification methods using equations or
conditional equations over other specification methods is that any theory has an initial
model (i.e. the initial object in the category of models which satisfy the theory). This
also holds for CSL, and in this section, we will construct an initial structure for a CSL
theory. Remember that a CSL structure is a pair of a category and an interpretation.
The category of an initial CSL structure corresponds to a so-called free category.

Given a CSL signature (I', A, W) and a set © of CSL conditional equations, we are
going to define a special category C and an interpretation £. For simplicity, we assume
that I does not contain any free-variant functors. (We can always get such a signature
by discarding free-variant arguments. This does not affect its semantics at all.)

Definition 2.6.1: We say that a closed functorial expression is ground if it has no
variables, that is, its basic form is A().£. We take ground closed functorial expressions
as the objects of C. ||

The definition of morphisms of C is a little bit more complicated, so we define them
step by step.

Definition 2.6.2: A ground annotated expression is an annotated expression such
that
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1. all the annotation, [K7,..., K,] consists of ground closed functorial expressions,
and

2. it does not contain any morphism variables. ||
Proposition 2.6.3: If a ground annotated expression e has a type p - e: K — L, and
both K and L are ground functorial expressions.
Proof: We can easily prove it from definition 2.4.5 by structural induction. ||
The following will give us the basis of the morphisms in C.

Definition 2.6.4: For ground closed functorial expressions K and L, we define

GExp(K, L) “ feleis ground and O F e: K — L} ]

To make GExp proper morphisms, we introduce a family of equivalence relations =
indexed by a pair of ground functorial expressions. Each =g j, is an equivalence relation

on GExp(K, L).

Definition 2.6.5: We define = to be the smallest relation satisfying the following
conditions. (In the following, to simplify the presentation, we omit indexes of = if
there is no ambiguity.)

1. = is an equivalence relation, that is, reflexive, symmetric and transitive.
2. If 1 =k €] and ey =g i €}, then eq 0 e3 =g €] 0 €.

3. If e ¢ GExp(K, L), then I[L]oe =e and ec I[K] =e.

4. For a functor symbol F € ', ., ife; =€, ...and e, = €, then F(ey,...,¢e,)
F(ef,....e).

’n

5. For a factorizer symbol ¢ € Wy, (K1Y (K L) and ground functorial expres-

!
. 1

sions Ky,..., K,, if e =€, ...and ¢, = €], then

VK, Ka(er, ..o e) = O[Ky, .., K€l ... e).

6. Finally, for a conditional CSL equation e = e¢] A...Ae, =€/ = e=¢€¢ € 0

whose type is

pbe =€ K| > LiAN...Ne,=¢€: K, - L, =>e=¢:K'— L

with p(f;) is K — LY, ground functorial expressions K, ..., K,,, and ground
annotated expressions

el € GExp(K![Ky,..., K], L[Ky,..., Ku]),
ifforallj=1,...,n

(e;[K1yeeoys Kty sl fry ooy fi

(€5

7"'7[(m])[e/1/7"'767/]{‘17"'7fl]7

=
7
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then

(e[Kvy..., Ka)lels sel [ fiy.oo, i] =
(6’[[{1,.. '7[(m])[e/1/7" '76;//f17"'7fl]' I:I

We can now define the morphisms of C.

Definition 2.6.1 (continued): The C morphisms from K to L are the equivalence
classes of GExp(K, L) by =g 1, or simply,

Home (K, L) ¥ GExp(K,L)/=k1.
We write (e) for the equivalence class to which e belongs. ||
Proposition 2.6.6: C is a category.

Proof: The identity morphism of a C object K is given by (I[K]). The composition
of (e): K — L and (¢/): K' — K is defined by

(€) o (') def (e o).

The composition is trivially associative, and the satisfiability of the absorption rules of
the identities is guaranteed by the third condition of the equivalence relation = defined

in definition 2.6.5. ||
Let us define an interpretation ¢ so that (C,¢) is a CSL structure of the CSL signature
(I', A, W),
Definition 2.6.7: The definition of ¢ is divided into three.
1. For a functor symbol F' € I, _,,, £F' is a functor C*"" — C defined by

EF(Ky, ... K) ¥ FIK,,...,K,)], and
EF({er), o (en)) E (Flen, ..o ).

2. For a natural transformation symbol o € Ag 1, €av is

Cok, .., L {alKy,. .. K,]).

3. Finally, for a factorizer symbol ¥ € Wik, r,).. (5, L), (5, Ly)> {18

&0 ({en)s o {en)) B (W[KT, .. KL (er, . oven)). ]

Proposition 2.6.8: (C,¢) is a CSL structure of (I'; A, ). Moreover, it is a theory
structure of the CSL theory given by the set © of CSL conditional equations.
Proof: The condition 6 in definition 2.6.5 makes it satisfy the conditional equations. ||
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We have constructed a special CSL structure (C,¢), and we will next show that it
is the initial object in the full-subcategory of CMod((I', A, ¥)) of all the structures
satisfying ©.

Theorem 2.6.9: For any CSL structure satisfying O, there is a unique CSL structure
morphism from (C, ¢).

Proof: Let (D,() be an arbitrary CSL structure satisfying ©. Using the denotation
of annotated expressions on this structure (see definition 2.4.10), we define a functor

T from C to D as follows:

T(K)¥ (K and T({e)) ¥ Ce.
Note that, since K is a ground functorial expression (K is an D object, and that,
since e is a ground annotated expression, (e is a D morphism (it does not need objects
Ay, ..., A, or a morphism variable assignment w). It is easy to see that 7' is a (co-
variant) functor (note that we have to show the well-definedness first). It is also not
so difficult to show that T is a CSL structure morphism and that it is the unique one
from (C, &) to (D, () (simply extending the result on algebraic specifications). ||

The advantage of working in an initial CSL structure is that, if we show that a con-
ditional equation holds in the initial one, then we automatically know that it holds in
any CSL structure. In chapter 4, we will define the symbolic computation in categories
and it can be regarded as the computation in free categories.



Chapter 3

Categorical Data Types

In chapter 2, we introduced categorical data types from a point of view of a specification
language defining categories. Although the specification language CSL is a rigorous
language, it is rather tedious and categoritians may never define categories in that way.
In this chapter, we will give another presentation of categorical data types, which will
be simpler and more intuitive. This is also the way Categorical Data Types originated.
Note that we are not discarding CSL completely and that the semantics of categorical
data types will be given in terms of CSL.

Section 3.1 is an extended introduction to categorical data types. We will investigate
some conventional data types and introduce a new uniform categorical way of defining
data types. In section 3.2, we will make this new way into the CDT declaration
mechanism. Section 3.3 will give various examples of CDT declarations. In section 3.4,
CDT declarations will be connected to CSL theories, and finally in section 3.5 we will
give a construction of CDT data types.

3.1 What are Categorical Data Types?

The need for pairs of two (or more) items of data often arises when we write programs.
It is often the case that a function or procedure takes more than one argument and this
means that a pair (or a record) of data needs to be passed to the function or procedure.
In another situation, we may want to declare a new data type whose element is a pair
of elements of other data types. In PASCAL, we can define such data types using its
record ... end construct. For example, intchar whose element is a pair of an integer
and a character can be declared as:

type intchar = record
first: integer;
second: char
end;

In ML, this can be done by
44
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type intchar = int * string;

(where since ML does not have a type for representing characters, we have to use
‘string’ type whose element is a sequence of characters). These two languages have
the means of constructing data types of pairs from already-existing data types. Let
us call the constructors product type constructors. Most of the current programming
languages have product type constructors in one way or another as their built-in primi-
tives because they are so essential that we can even say that no programming language
is complete without them.

In order to understand the nature of product type constructors, let us suppose a pro-
gramming language which does not have them as primitives and that we have to define
them in terms of others. This might mean that we need in the language some kind
of one level higher operations which can define not types but type constructors. Let
us refer to an algebraic specification language CLEAR,! and see its ability to define a
product type constructor.

constant Triv =
theory
sort element
endth

procedure Prod(A:Triv,B:Triv) =
theory
data sort prod
opns pair: element of A,element of B -> prod
pil : prod -> element of A
pi2 : prod -> element of B
eqns all a:element of A,b:element of B,

pil(pair(a,b)) = a
all a:element of A,b:element of B,
pi2(pair(a,b)) = Db

endth

This defines an algebra P of three sorts: two ‘element’ sorts (let us call them ‘A-element’
and ‘B-element’ to distinguish them) and a ‘prod’ sort. The underlying set |Plproq is
the (set) product of two sets |P|a_element and |P|p_element. The declaration also defines
three operations (or functions), ‘pair’, ‘pi1’ and ‘pi2’, satisfying the two equations
listed. Note that the following equation can be proved using induction on ‘prod’ sort
(we have the induction principle on this sort because of the initial data constraint).

all x: prod, pair(pil(x),pi2(x)) = x

An algebraic specification language like CLEAR is powerful enough to allow us to
define all kinds of type constructors (including ordinary data types as constant type
constructors) in a uniform way without having any particular primitives. However,

!CLEAR can be institution independent, but here we refer the one that uses the equational algebraic
institution.



CHAPTER 3. CATEGORICAL DATA TYPES 46

because of its use of equations, we cannot adopt its declaration mechanism in ordinary
programming languages.”> We might be puzzled that we need equations even to define
such very basic data types as products.

Let us find whether there is any other ways of defining product type constructors by
examining the foundation, namely mathematics. Modern mathematics uses set theory
extensively because of its power. Set theory does not have a product type constructor
as its primitive construct either, so it is defined by means of other constructs. For sets
A and B, their (set) product is defined as:

AxBE {(z,y)|r€A yeB}

where (x,y) is really an abbreviation of {{«} {x y}}. Although this looks very simple,
it actually needs some work to show from the axioms of set theory that this is actually
a set. Set theory uses the power of first order logic so heavily that it is much harder to
put the set theory formalism into a programming language than to put the algebraic
specification formalism. As an example, let ¢(x) be a first order formula. Then, from
the comprehension axiom (or the replacement axiom), we have the set

{zeAlo(e)}

where A is a set. ¢(x) can be anything expressible by first order logic (using quantifiers
and negations), and this is too much powerful to investigate the basic property of data
types. It disfigures the beauty behind this powerful definition mechanism and we
cannot see through it easily.

Set theory has achieved a firm position as the foundation of mathematics, but there are
some alternatives. Category theory is one of them. It has been proved that category
theory has a remarkable ability to disclose true nature of mathematical objects. For
example, a product constructor (or categorically a functor C x C — C) is beautifully
characterized as the right adjoint of the diagonal functor C — C x C.?> Expanding the
definition of adjunctions, this means that we have the following natural isomorphism:

Hom¢(C, A) x Home(C, B) ~ Home (C, prod(A, B)) (%)

(natural in A, B and C'). We use ‘prod’ for the product functor to follow the notation
we use later. The isomorphic function from the left-hand side to the right-hand side is
the factorizer of this adjunction and we write ‘pair’ for it. We can rewrite this adjoint
situation as the following rule:

f
c-4 LB
pair(f,g)

C ——— prod(A, B)

(+)

Given two morphisms f:C — A and ¢:C — B, pair(f,g¢) give a morphism of C' —
prod(A, B). This correspondence is one-to-one and is natural in A, B and C.

2There is a programming language OBJ [Goguen and Tardo 79] which treats equations as a kind of
programs (as rewrite rules).

3There may be more than one right adjoint of the diagonal functor, but they are isomorphic. Therefore,
we say ‘the’ right adjoint rather than ‘a’ right adjoint.
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Comparing with the product type constructor ‘Prod’ defined by CLEAR, we have the
same ‘pair’ though the previous one takes two elements as the arguments and this one
takes two morphisms instead, and now we can find the things corresponding to two
projections ‘pil’ and ‘pi2’ as well. Replacing C' by prod(A, B) in (*), we get:

Home (prod(A, B), A) x Home(prod(A, B), B) ~
Home(prod(A, B),prod(A, B)).

We have a very special morphism in Home(prod(A, B), prod(A, B)), namely the iden-
tity. Because of the isomorphism, there exist unique morphisms of prod(A4, B) — A
and prod(A, B) — B which are mapped to the identity by ‘pair’, and these are the
projections. We name them ‘pil’” and ‘pi2’ as well. Because of the very way they are
defined, it is trivial that

pair(pil, pi2) =L (+)

Furthermore, from the naturality in C' of (%), we have the rule

air(f,9) i1 air(f,g) i2
o prod(A, B) A o, prod(A, B) B
pair(f,g) pair(pil,pi2) )

C —— prod(A, B) ——— prod(A4, B)
and, if we express it by equations and use (+),

pair(pil o pair(f, g), pi2 o pair(f, ¢)) = pair(pil, pi2) o pair(f,g) = pair(f, g).

Since ‘pair’ is isomorphic, we can conclude that the following equations hold:

pil o pair(f,g) = f and pi2 o pair(f,g) = g.

These are exactly the ones which we listed when defining ‘Prod’ in CLEAR. Note that
this time they are derived equations. By saying that ‘prod’ is the right adjoint to
the diagonal functor, we get these equations automatically. This shows how neat the
categorical definition is.

Another advantage of categorical definition is that we can form the dual definition
easily. We defined the product functor as the right adjoint of the diagonal functor.
Then, it is natural to ask what is the left adjoint of the diagonal functor. It is the
coproduct functor C X C — C. In the category of sets, the copoduct of two sets A and
B is their disjoint sum

A+BE {0} xA{1}xB.

It is not easy to see in set theory that this is the dual of A x B. In PASCAL, we
can define coproducts by means of variant record. In ML, we used to have a built-in
coproduct type constructor ‘+’, but the new Standard ML does not. Instead, ‘+’ can
be defined by the following ‘datatype’ declaration.

datatype ’a + ’b = inl of ’a | in2 of ’b;
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We cannot define the product type constructor by a ‘datatype’ declaration in ML, but
we can define its dual. ML looks non-symmetric from this. In CLEAR, we can define
a coproduct type constructor as follows:

Procedure CoProd(A:Triv,B:Triv) =
theory
data sort coprod
opns inl: element of A -> coprod
in2: element of B -> coprod
endth

Again, this cannot be seen as the dual of ‘Prod’ we defined earlier; here we do not
use equations; we have only two operations whereas we had three. This shows that
CLEAR is not symmetric either.

Now, in category theory, the coproduct functor C x C — C which we call ‘coprod’ is
defined by the dual of (x), by just changing the direction of arrows.

Hom¢ (A, C') x Home (B, C') ~ Home(coprod(A, B), C)

We name the isomorphic function going from the left-hand side to the right-hand side
‘case’ (we could call it ‘copair’ to emphasize the duality to ‘pair’, but, since it plays
a role of ‘case’ statements of ML or C (or PASCAL), we call it ‘case’). Writing the
adjunction as a rule,
!
A—c BLC
case(f,9)
coprod(A, B) ——— C

Two injections inl: A — coprod(A, B) and in2: B — coprod(A, B) are defined as the
morphisms which ‘case’” maps to the identity of coprod(A, B). As before, we can derive

some equations easily.

From what we have looked at, it seems a good idea to design a category theory based
(programming or specification) language which has the ability to define functors by
means of adjunctions. Since it is convenient to introduce names for unit natural trans-
formations and factorizers at the same time, we regard an adjunction as a triple of a
functor, a unit natural transformation and a factorizer (see, for example, [Mac Lane
71] for many equivalent ways of defining adjunctions). Therefore, a category theory
based language may have the following two forms of declaring new functors:

let (F,a, 1) be right adjoint of G
let (F,a, 1) be left adjoint of ¢

where (G is a functor we already have, I is the new functor we are defining, « is the
associated unit natural transformation and v is the associated factorizer. One problem
is that we need to have some primitive functors with which we start. We definitely
need diagonal functors for we want to define product and coproduct functors. In order
to define the natural number object (which is a constant functor), we need a pretty
complicated functor G. The problem is how to represent such G.
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Let us investigate how other languages and theories define the data type of natural
numbers. In set theory, it has the axiom of infinity which says the existence of natural
numbers. This may look rather artificial. In PASCAL, there is no intuitively easy way
to define it. In ML, though it is a built-in data type for efficiency, we could define it
as:

datatype nat = zero | succ of nat;

Note the recursiveness in this definition. Essentially, we need some kind of recursiveness
to define a data type of natural numbers. In CLEAR, one can define it as

constant Nat =
theory
data sort nat
opns zero: nat
succ: nat -> nat
endth

This is very much similar to the one in ML, though we often think that the CLEAR
definition is based on the initial algebra semantics whereas the ML definition is based
on domain theory. In domain theory, a data type of natural numbers can be defined
as the solution of the following domain equation

N1+ N. (%)

The initial solution of (*) can be calculated as a colimit of a sequence of domains, but
we do not go into its detail here. As a connection to the initial algebra semantics,
the initial solution can be characterized as the initial T-algebra, where T' is a functor

T(X) 1 + X in this case. In general, given a category and an endo-functor 7', we
can form a category of T-algebras.

Definition 3.1.1: For a category C and an endo-functor T:C — C, the category of
T-algebras is defined

1. its objects are pairs (A, f) where A is a C object and f is aC morphism T(A) — A,
and

2. its morphisms h: (A, f) — (B,g) are C morphisms h: A — B which make the
following diagram commute.

T(A) A
T(h) a h
T(B) B

Note that this is a weaker version of the category of T-algebras defined in many category
theory books (e.g. [Mac Lane 71]) where T needs to be a monad. |
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We can dualize definition 3.1.1 to define T-coalgebras. However, in the theory of cate-
gorical data types (‘CDT theory’ for short), we combine the two definitions together.

Definition 3.1.2: Let C and D be categories and both F' and G be functors from C
to D. We define an F,G-dialgebra* as

1. its objects are pairs (A, f) where A is a C object and f is a D morphism of
F(A) — G(A), and

2. its morphisms h: (A, f) — (B,g) are C morphisms h:A — B such that the
following diagram commutes.

F(A) G(A)
F(h) o G(h)
F(B) G(B)

In the case where F' or (G is contravariant, we have to modity the direction of
some arrows.

It is easy to show that it is a category; let us write DAlg(F, ) for it. Note that
DAIlg(T,1) is the category of T-algebras and DAlg(I,T) is the category of T-coalgebras.

This is a very simple extension of definition 3.1.1, yet its symmetry and dividing the
source category from the target one give us greater freedom. With T-algebras, we
need to use the coproduct functor to define the domain of natural numbers, but by
F. (G-dialgebra we do not. Let C be any category and D be its product C x C. We
define the functors F' and (' as

F(A) Y (1,4) and G(A) ¥ (A, A).

Let (nat, (zero,succ)) be the initial F,G-dialgebra. From the definition, mat’ is a C
object, ‘zero’ is a C morphism of 1 — nat and ‘succ’ is a C morphism of nat — nat.
The initiality means that for any DAIlg(F, () object (A, (f,g)) there exists a unique
DAlg(F, (') morphism h: (nat, (zero,succ)) — (A, (f,g)). If we spell out the definition,
this means that for any C object A and any C morphisms f:1 — A and ¢g: A — A there
exists a unique C morphism h: nat — A which makes the following diagram commute.

Zero succe
nat nat

a

h & h

| |
I I
| |
l l
A A

*The name dialgebra was suggested by Bob McKay.
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This is exactly the definition of ‘nat’ being a natural number object in category theory.
To get further generality of F, G-dialgebras, we parametrize I’ and G.

Definition 3.1.3: Let C, D and & be categories, and let F:CxD — &£ and G:CxD~ —
€ be functors. We define (Left[F, G](A),n4) for a D object A to be the initial object
in the category DAlg(F( - ,A),G( - ,A)). Dually, we define (Right[F,G](A),€ex)
to be the final object. We may write Right(A) for Right[F,G](A) and Left(A) for
Left[F, G](A) if the context makes F' and G clear. [

Proposition 3.1.4: If Left[F, ](A) exists for every object A € |D|, Left[F, (] de-
notes a functor D — C (i.e. we can extend it to D morphisms). Dually, if Right[F, G](A)
exists for every A € |D|, Right[F, (] denotes a functor D~ — C.

Proof: We first need to define what Left[F, G](f) is for a D morphism f: A — B. We
define it as the morphism h: Left(A) — Left(B) which fills in the following diagram.

F(Left(A), A) —+ G(Left(A), A) (Left(A), n4)
| | |
| | |
F(h,I) | | G(h,T) I
| | |
} } |
F(Left(B), A) G(Left(B), A)  (Left(B),G(L f)ong o F(L f))
F(L f) G(L, f)

F(Left(B), B) ——~ G(Left(B), B)

The unique existence of the morphism is provided because (Left(A),n4) is the initial
object of DAlg(F(-,A),G(-,A)). In other words, Left(f) is the unique morphism

which satisfies
G(Left(f), f) ong o F(Left(f), f) = na.
Let us check that Left is in fact a functor. Trivially,

G(LI)ons o F(ILI) =
Therefore, Left(L4) = Ipeft(4). For morphisms f: A — B and g: B — C,

G(Left(g) o Left(f),g 0 f) onc o F(Left(g) o Left(f),g 0 f)
= G(Left(f), f) o G(Left(g),q) o nc o I'(Left(g),q) o F(Left(f), f)
G(Left(f). ) o s o F(Left(f), f)

= N4
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Therefore, Left(g) o Left(f) = Left(g o f).

F(Left(A), A) — v G(Left(A), A)
F(Left(f), f) G/(Left(f), f)
F(Left(go f), g0 f) F(Left(B), B) —2~ G(Left(B), B) G(Left(go f). g0 f)

F(Left(g), g) G/(Left(g),9)

F(Left(C), ) 1%+ G(Left(C), )

Dually, we can prove that Right is a functor. |

‘Left’ and ‘Right’ may suggest a connection with left and right adjoint functors. In
fact,

Proposition 3.1.5: For a functor F:C — D, its left adjoint functor can be denoted
by
Left[A\(X,Y).Y, A(X,Y).F(X)]
and, dually, its right adjoint functor can be denoted by
Right[A\(X,Y).F(X), M X,Y).Y].

Proof: Let us only check the left adjoint case. We see A(X,Y).Y as a functor Cx D —
Dand A(X,Y).F(X) as a functor Cx D~ — D. From definition 3.1.3, Left is a functor
D — C. If we spell out the condition of (Left(A),n4) being the initial algebra, it

means that for any C object B and a C morphism f: A — F(B) there exists a unique
C morphism h:Left(A) — B such that the following diagram commutes.

na

A F(Left(A)) Left(4)
| |
o : F(h) : h
A F(iB) }9
/

This is exactly the condition of Left being the left adjoint functor of F. Dually, we
can prove that Right[A(X,Y).F(X),A(X,Y).Y] is the right adjoint. |

Hence, definition 3.1.2 of F,G-dialgebras covers both T-algebras and adjoints so that
it enables us to define products, coproducts, natural number object, and so on in a
uniform way.
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3.2 Data Type Declarations in
Categorical Data Types

In the previous section, we have looked at some ways of defining data types in some
languages. In this section, we will introduce how to define data types in CDT.

If we were only interested in functors, only Left[F, G] and Right[F, ] defined in the
previous section would be needed, but we do want morphisms (or natural transforma-
tions) and factorizers which will make up some kind of programs, the meaning of which
we will examine in chapter 4 (e.g. how to execute them).

Left[F, (] and Right[F, (] have been defined for functors F:C x D — £ and G:C X
D™ — &, where C, D and & are some categories. Remember the aim of CDT; we
would like to define (or specify, or study) a category of data types. Therefore, C, D
and & should somehow be related to this category. The simplest we can think of is that
they are the product categories of this category and all the functors are in the form of

. . . def
C* — C, where s is a sequence of variances (i.e. s € Var®) and C""» = C" x - -- x (™.

In order to simplify the presentation, let us use the vector notation and write, for
example, F' for a sequence of functors (F,..., F,) where all of them have the same
type C* — C, that is, F' is a functor of C* — C".

From definition 3.1.3, for F:CxC* — C" and G:Cx C™* — C", Left[F, ] is a functor

C® — C and Right[F, G] is a functor C™* — C, where u e vy ... v, e Vy...U®D,.

Hence, we come to the definition of CDT declarations.

Definition 3.2.1: In CDT theory, there are two forms of declaring new functors. One
is to define a functor L:C® — C by

left object L()?) with 1 is
& F(L,X)— G(L, X) (*)
end object

and the other is to define a functor R:C™** — C by

—

right object R(X) with ¢ is
a:F(R,X)— G(R,X)

end object
where X is a sequence (X7q,...,X,) of variables, ¢ is the associated factorizer, & is
a sequence (aq,...,an,) of the associated natural transformations, and F' and G are
sequences (Fy,..., F,) and (G4,...,G,,), respectively, of functors which we have as

primitives or we have already defined and whose type is F;:C x C* — C and G;:C X
C™* — C, respectively. Semantically, L is Left[F',G] and R is Right[F', G]. We may
call L left functor or left object and R right functor or right object. ||
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—

If we expand the definition of Left, (*) defines for any C objects A = (Ay,..., A,) an

—

object L(A) and a morphism

—

and for any object B and a sequence of morphisms f ﬁ(B, %_1)) — é(B, %_1)), Y (f) denotes
the unique morphism which makes the following diagram commute.

P, A) ik a0, ) L)
| | |
Fo(f), *>: S : HW(f), A) :¢< )
R ) |
F(B,A) = G(B, A) B

[

In definition 3.2.1, it is not immediately clear what kind of F and G is allowed. We
vaguely stated that they are primitive or have been defined already. In order to clarity
this point, we go back to CSL and regard a CDT declaration as an extension of a given
CSL signature.

Definition 3.2.2: Let (I' A, W) be a CSL signature. A CDT declaration D € Decl
is given by the following BNF expression.

D ::= {left | right } object FI(Xq,...,X,) with ¢ is

ap: By — B
L
end object
where F'is a new functor symbol, ¥ is a new factorizer symbol, «ay,...,a,, are new
natural transformation symbols, and F; and E! (i = 1,...,m) are well-formed functo-
rial expressions (under this signature (I'; A, ¥)) whose variables are Xi,..., X, and F

(here we use F' as a formal parameter like we use its function name inside a function

body in PASCAL). [

We need to put restriction on the variance of F'in the functorial expressions such that

foreache=1,...,m

Y

1. the variance of F' in E; should be either covariant or free,
2. the variance of F' in E! should also be either covariant or free, and
3. either the variance of I in £; should be covariant or that in £} should be covariant.

We could have allowed F' to be contravariant (as indeed the original definition of CDT
did), but it turned out that the generality by contravariance was of very little use,
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so, because it simplifies the following argument, we restrict ourselves only to covariant
functors. The third condition above is to make the extension consistent (each «; should
somehow relate to the functor we are declaring).

Let us calculate the variance of F. If the variance of A\(F, X1,..., X,)).F; is v;s; (v; €
Var for the variance of F' and s; € Var™ for the variance of Xy,...,X,,) and that of
AF, Xy, X)) B s olshy AMF, X, ..., X)) E; denotes a functor C* x C** — C and

177

AF, Xy, ..., X,).E! denotes a functor C% x C* — C. The restriction above states that
v; U vl = +. From proposition 3.1.4, the variance of F'in case that it is declared by a

left CDT declaration should be .
|_| s; U — e, (%)
=1

and in case that it is declared by a right one, the variance should be

|_| —es; U 5;, (%)

=1

where Var® is a partially ordered set with the ordering given by uy ... u, C vy ... v, if
and only if u; E vy, ...and u, C v,.

Definition 3.2.2 (continued): A CDT declaration gives an extension of CSL signa-
ture.

(T, A ) o (FU{ P LAU .o LU )
where the variance of F'is given by (*) or (x%), the type of «; is

MXy, oo X)) B F( Xy, X0 F] = M Xy, X)) EF (X, .., X)) F,
and the type of ¥ is

FrdX, X1, X)) EXF) = AX, Xy, L X)) EUX)F) (i=1,...,m)
¢(f1, .. .,fm)i )\()(7 Xl, Ce . ,Xn).F(Xl, Ce ,Xn) — )\(X,Xl, Ce . ,Xn)X

by a left CDT declaration and

FrdX, X1, X)) EXF) = AX, Xy, L X)) EUX)F) (i=1,...,m)
¢(f1, .. .,fm)i )\()(7 Xl, Ce . ,Xn)X — )\(X,Xl, e ,Xn).F(Xl, Ce . ,Xn)

by a right one. ||

We will see in section 3.4 a CDT declaration as a CSL theory extension so that the
semantics of a CDT declaration can be given by a CSL structure.
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3.3 Examples of Categorical Data Types

In this section, we will present several examples of categorical data types declared by

left object F(X1,...,X,) with ¢ is

ap: By — B

ap: B, — E!
end object

for left objects and by

right object F'(Xy,...,X,) with ¢ is
ap: By — B}

L
end object

for right objects.

3.3.1 Terminal and Initial Objects

Let us start with an empty CSL signature ((}, 0, #). The simplest case of (*) and ()
is when n = m = 0. If we consider the case when n = m = 0 in (*x), we get the
declaration of the terminal object.

right object 1 with !
end object

(We omitted the keyword ‘s’ to make the declaration look nicer.) From the definition,
this defines an object ‘1’ and for any object A there is a unique morphism ‘! from A
to ‘1.
!
A -1

Therefore, it really is the terminal object.

Dually, if we change the keyword ‘right” to ‘left” in the definition of the terminal object,
we get the definition of the initial object.

left object 0 with !!
end object

The factorizer ‘! gives a unique morphism from ‘0’ to any object A.

I
0 A
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3.3.2 Products and CoProducts

Next, we define products and coproducts. The binary product functor can be declared
as the following right object.

right object prod(X,Y") with pair is
pil:prod — X
pi2:prod — Y

end object

From definition 3.2.2, this defines a functor symbol ‘prod” whose variance is ‘“++" (i.e.
covariant in both arguments), two natural transformation symbols ‘pil” and ‘pi2’ whose
types are

pil: A(X, Y).prod(X,Y) = A(X,Y).X
pi2: A(X,Y).prod(X,Y) = A(X,Y).Y
and a factorizer symbol ‘pair’ whose type is

FNZXY)Z 5 NLX Y)Y g ML X, V)2 = N2, X, Y)Y
pair(f,9): M2, X,Y).Z — X\NZ,X,Y).prod(X,Y)

If we write this down in a more understandable way, it becomes the familiar definition
of the binary product, that is ‘prod’ has two unit morphisms
pi2

il
A 1%

prod(A, B)

B

and pair(f,g) gives the unique morphism for any morphisms f:C' — A and ¢:C — B
such that the following diagram commutes.

Note that the CDT declaration of the binary product functor is very similar to the
‘Prod’ theory in CLEAR defined in 3.1. One of the differences is that in CLEAR ‘pair’
is treated as a function in the same class as ‘pil” and ‘pi2’ but in CDT ‘pair’ is quite
different from ‘pil” and ‘pi2’. Another one is that in CLEAR ‘Prod’ is declared as the
initial algebra so it is close to CDT’s left object but in CDT ‘prod’ is naturally a right
object because the product functor is the right adjoint of the diagonal functor.
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Dually, we can define the binary coproduct functor as a left object.

left object coprod(X,Y") with case is
inl: X — coprod
in2: Y — coprod

end object

Again, this declaration looks very close to the one in CLEAR (defined in section 3.1),
but note that we have ‘case’ in CDT so that we can use it to write programs or to
specify some properties.

Just writing the situation as a diagram,

inl in2

coprod(A, B)
a a

B

|

|
7 Case(|f,g)
}
C

3.3.3 Exponentials

One of the objections against algebraic specification methods is that it cannot handle
function spaces. CDT’s declaration mechanism looks very close to that of algebraic
specification methods, but CDT is based on category theory not on many-sorted alge-
bras, and in category theory function spaces can be defined as exponentials. For objects
A and B, the exponential of B by A is written as exp(A, B)® satisfies the following
natural isomorphism.

Home(prod(C, A), B) ~ Hom¢(C,exp(A, B))

In other words, The functor exp(A, - ) is the right adjoint of prod( - , A). We write
‘curry’ for the factorizer and ‘eval’ for the counit natural transformation. Then, for
any object €' and any morphism f: prod(C, A) — B, curry(f) is the unique morphism
from exp(A, B) to C such that the following diagram commutes.

C|’ prod(|C, A)
| | 7
() | prodwny(D.1 1
|
exp(A, B) prod(exp(4, B), A) B

eval
>Many category theory books use the notation B4 for the exponential of B by A.
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The reason why the exponentials are function spaces is that their global elements are
just morphisms.®

Home (1, exp(A, B)) ~ Home(prod(1, A), B) ~ Hom¢(A, B)

Let us write down the definition as a CDT declaration. Assume a CSL signature
(I', A, W) which contains the definition of the binary product functor as we defined in
subsection 3.3.2. Then, the exponential functor can be declared as follows.

right object exp(X,Y") with curry is
eval: prod(exp, X) — YV
end object

This is so far the most complicated CDT declaration. In the previous examples, functo-
rial expressions F; and E!in (*) and (%) are all simply variables. From definition 3.2.2,
the CDT declaration above defines a functor symbol ‘exp’ of type —+, a natural trans-
formation ‘eval’ of type

AX,Y).prod(exp(X,Y), X) = AMX, Y)Y
and a factorizer ‘curry’ of type

FAMZ, XY ) prod(Z,X) — M7, X, Y).Y
curry(f): M(Z, X, Y).Z = MZ, X, Y ).exp(X,Y)

These types are what we expect them to be from the exponential adjunction. Let us
once more convince ourselves that the semantics by F,G-dialgebras really defines the

exponentials. (exp(A, B),evals ) is the final F, G-dialgebra where F/(C) o prod(C, A)
and G(C) ' B. This means that, for any (C, f) where C is an object and f is a

morphism of F(C') — G(C), curry(f) is the unique morphism of
(exp(A, B),evaly g) — (C, f).

From definition 3.1.2 of F, G-dialgebras, curry(f) is the unique morphism C' — exp(A, B)
which makes the following diagram commute.

F(C) = prod(C, A) B =G(C)
F(curry(f)) = prod(curry(f),I) a I = G(curry(f))
F(exp(A, B)) = prod(exp(A, B), A) B = G(exp(A,B))

evaly g

This is exactly the condition of ‘exp’ being the exponential functor.

5A global element of an object A is a morphism from the terminal object to A.
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The declaration of the exponential functor in CDT very much looks like a declaration
in a algebraic specification language (e.g. in CLEAR), but, as is well-known, we cannot
define function spaces as algebras. The essential difference lies in that ‘exp’ is a right
object, in other words, defined by the terminal data constraint rather than the initial
one which CLEAR uses and in the availability of the factorizer ‘curry’. If we define
‘curry’ as an ordinary function (or an ML function), its type is

(CxA—B)—(C—(A—=B))

and this could never be a type of algebraic functions (i.e. functions defined by algebraic
specification methods).

3.3.4 Natural Number Object

As we have already shown that the natural number object can be given by ‘Left’, let
us write it down as a CDT declaration. Although we can define the natural number
object if we have only the terminal object, it is often very convenient to assume that
a CSL signature (I'; A, W) contains not only the terminal object but also the product
functor and the exponential functor. The declaration of the natural number object as

a CDT is
left object nat with pr is

zero: 1 — nat
succ:nat — nat
end object

which defines a constant functor (i.e. an object) ‘nat’ with two morphisms ‘zero’ and
‘succ’.

Zero
] ——— nat succe

In addition, the factorizer ‘pr’ (standing for primitive recursion) gives for any mor-
phisms f:1 — A and ¢: A — A a unique morphism pr(f,g):nat — A such that the
following diagram commutes.

Zero succ

As is well-known (e.g. [Goldblatt 79] chapter 13), ‘pr’ provides us to define any primitive
recursive function.
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Definition 3.3.1: For a category C with the natural number object ‘nat’, the terminal
object ‘17 and the binary product functor ‘prod’, a morphism f is primitive recursive
(on natural numbers) if it can be generated after finitely many steps by means of the
following rules:

1. f =1,.:nat — nat,

2. f = zero:1 — nat,

3. f = succ:nat — nat,

4. f = pil:prod(nat,nat) — nat,
5. f = pi2:prod(nat,nat) — nat,

6. f = gopair(h,k): A — nat for primitive recursive morphisms
g:prod(nat,nat) — nat, h: A — nat and k: A — nat,

7. f=goprod(h,k):prod(A, B) — nat for primitive recursive morphisms
g:prod(nat,nat) — nat, h: A — nat and k: B — nat, and

oo

. frprod(nat, A) — nat satisfying
(a) fopair(zeroo!,I) =g, and
(b) f o pair(succ o pil, pi2) = h o pair(f,T)
for primitive recursive g: A — nat and h: prod(nat, prod(nat, A)) — nat. |

This is a straight copy of the standard definition of primitive recursive functions on
natural numbers.

Proposition 3.3.2: If a cartesian closed category C has the natural number object,
it has all the primitive recursive morphisms.

Proof: It is suffice to show that there exists a morphism f:prod(nat, A) — nat for
any morphisms g: A — nat and h: prod(nat, prod(nat, A)) — nat such that

1. fopair(zeroo!,I) = ¢, and
2. f o pair(succ o pil, pi2) = h o pair(f, I).

There is a morphism k:nat — prod(exp(A,nat),nat) such that the following diagram
commutes.

Zero succe
nat nat

' k a k

prod(exp(A,nat),nat) —————— prod(exp(A4,nat),nat)
h/
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where ¢’ and &' are

g def pair(curry(g o pi2), zero)
B pair( curry(h o pair( eval o pair( pi2,
pil o pil),
pi2 o pil)),
succ o pi2).

Therefore, k is pr(¢’,h’). Then, f 1 eval o prod(pil o k,I). We can easily show that
this is what we wanted. ||

For example, the morphism ‘add’ corresponding to the addition function of natural
numbers can be given as

add X eval o prod(pr(curry(pi2), curry(succ o eval)), I.

It corresponds to the following usual definition of ‘add’.

add(0,y) =y
add(x + 1,y) = add(z,y) + 1

Furthermore, we can easily prove categorically that ‘add’ satisfies familiar laws like
commutativity (categorically add o pair(pi2, pil) = add) and so on.

3.3.5 Lists

We have defined the data type of natural numbers in the previous subsection. Another
algebraic data type which is often used in programming is the data type of lists. In
CDT, the data type of lists is defined as follows:

left object list(X) with prl is
nil: 1 — list
cons: prod( X, list) — list
end object

We needed to assume a CSL signature having the terminal object and the product
functor. The declaration above defines a one argument covariant functor ‘list’, two
natural transformations

nil: A(X).1 — A(X).list(X) and cons: A(X).prod( X, list(X)) — A(X).list(X)
and a factorizer ‘prl’ (standing for primitive recursion on list) whose type is

LAY, X)1 =AY, X).Y gAY, X).prod(X,Y) — MY, X).Y
pri(f,g): A(Y, X).list(X) — MY, X).Y
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As usual, we can express the situation as a diagram.

nil ) cons

1

prod(A, list(A))

prod(L prl(f,g))

|
|
I
|

prod(A, B)

A global element of list(A) is normally constructed from ‘nil” and ‘cons’. For example,
list(nat) has

cons o pair(succ o zero, cons o pair(succ o succ o zero, nil))

as a global element (in plain words, this element is the list of 1 and 2). ‘nil” and ‘cons’
are usually called constructors of ‘list’. We can see in general to define an algebraic
CDT by listing its constructors. Destructors are defined using factorizers. In the case

of ‘list’, ‘hd’ (head) and ‘t]’ (tail) can be defined as follows.

hd & prl(in2,inl o pil)
gl & coprod(pi2,I) o prl(in2,inl o prod(I, case(cons, nil)))

Note that we have to define ‘hd’ and ‘t]” as total functions (in a sense). The type
of ‘hd” is list(A) — coprod(A,1) and is not list(A) — A. The type of ‘tI’ is also
list(A) — coprod(list(A),1). The type ‘1’ is for error (like L in a domain) and, for
example, hd o nil = in2.

As ‘list’ is a covariant functor, for a morphism f: A — B list(f):list(A) — list(B)
transforms a list of A elements to a list of B elements by applying f to each element.
For example, list(succ): list(nat) — list(nat) increments every element in a given list
by one. In general, we have the following equations:

list(f) = prl(nil, cons o prod( f,I))
list(f) o nil = nil
list(f) o cons o pair(x, ) = cons o pair(f o x, list(f) o /)

‘list” corresponds to ‘map’ function in ML and ‘MAPCAR’ in LISP.

3.3.6 Final Co-Algebras (Infinite Lists and Co-Natural Num-
ber Object)

The objects we defined in the preceding subsections are all familiar either in category
theory or in programming languages. Particularly, we have seen in subsection 3.3.4
and 3.3.5 the natural number object and the data type of lists, which are typical initial
algebras. Recently, several works have been done about final coalgebras, which are
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the dual of initial algebras (see [Arbib and Manes 80]). From their symmetry of CDT
declarations, we can easily define final coalgebras in CDT as well as initial algebras.

Let us dualize the declaration of the natural number object defined in subsection 3.3.4
by
left object nat with pr is
zero: 1 — nat
succ:nat — nat
end object

It we simply replace ‘left” by ‘right’ and change the direction of arrows, we get

right object conat with copr is
cozero:nat — 1
cosucc:nat — nat

end object

Unfortunately, this is not an exciting object. We can prove that ‘conat’ is isomorphic
to the terminal object as follows: from the uniqueness of terminal objects up to isomor-
phism in any category, we simply need to show that ‘1’ is the terminal F, G-dialgebra
for these particular F' and &, that is, for any object A and morphisms f: A — 1 and
g: A — A, there exists a unique morphism h: A — 1 such that the following diagram
commutes.

A A
| |
| |

h | Q Bl
| NG
J J
1 1

cosucc COZero

Indeed, we have this unique morphism A — 1 because ‘1’ is the terminal object and
the above diagram trivially commutes.

Although the exact dual of the natural number object is not an interesting thing, we
can modify it to get a CDT data type of infinite lists.

right object inflist(X') with fold is
head: inflist — X
tail: inflist — inflist

end object
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The diagram of explaining ‘inflist’ is

B J B
| |
| |
fold(f.9)| O fold(f.g) ! /
| | O
inflist(A) inflist(A)
tail head

Since the functor ‘inflist’ is not so familiar in category theory or in conventional pro-
gramming languages, let us find out what it is in the category of sets. We expect it to
be a set of infinite lists in some sense.

Proposition 3.3.3: In the category of sets, for a set A, inflist(A) is the following set
of w-infinite sequences of elements in A.
{(xo, @1, .y @p,...) |2, €A}
Proof: We define ‘head’ and ‘tail” as follows:
head((xo, @1, ..., Tn,...)) o
tail((xo, &1y . oy Ty t)) def (X1, %2,y Xpgyy - )
Let fold(f, g)(x) be a sequence (ho(x), hy(x),. .., h,(x),...) for functions f: B — A and
g: B — B. The commutativity of the diagram above forces the following equations.
ho(z) = f(x)
(b (@), ha(2)s- - ha (@), ) = (ho(e), By (@), (),
Therefore, fold(f, g)(x) is uniquely determined as

fold(f,g)(z) € (f(2), flg(x))s-.., flg"(x))s...) ]

Hence, at least in the category of sets, inflist(A) is really the data type of infinite lists
of A elements.

More generally,

Proposition 3.3.4: In a cartesian closed category C with the natural number object,
inflist(A) is isomorphic to exp(nat, A).

Proof: Let us define h:exp(nat, A) — inflist(A) to be the fill-in morphism of the
following diagram.

tail’
exp(nat, A)

exp(nat, A)

head’

tail head
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where ‘head” and ‘tail”’ are

def .
head’ = eval o pair(I,zero o !),

tail curry(eval o prod(I, succ)).

We define A': inflist(A) — exp(nat, A) to be
o curry(eval o pair(pr(curry(head o pi2), exp(tail,I)) o pi2, pil)).

After some calculation, we can show that hoh’ =T and A’ o h = I, so inflist(A) is

isomorphic to exp(nat, A). |

This proposition tells us that
inflist(A) 2 AX Ax - xAx--- = ][ A
=1

Indeed, this is the dual of }°72; A, the special case of which is the natural number
object, nat = 3", 1.

We started this subsection by considering the dual of the natural number object. It
led us to the CDT data type of infinite lists. We still have a different question whether
there is a final coalgebra which resembles a data type of natural numbers. The answer
is yes. The following right object defines a CDT data type of natural numbers plus
alpha.

right object conat with copr is

pred: conat — coprod(1, conat)
end object

The situation can be written as a diagram

A / ~ coprod(1, A)

copr(f) Q coprod(1, copr(f))

conat ——— coprod(1, conat)
pred

The natural transformation ‘pred’ is the predecessor function and there is a morphism
from ‘nat’ to ‘conat’ given by

copr(pr(inl, in2 o case(zero, succ)))

which we expect to be injective, but so far the author has been able neither to prove
it nor to give a counter example. Note that there is always a morphism from the
left object to its corresponding right object. ‘Conat’ has an interesting extra element,
namely the infinity (c0). The ground element to denote it is

infinity e copr(in2)



CHAPTER 3. CATEGORICAL DATA TYPES 67

It is easy to prove that the predecessor of the infinity is itself (i.e. pred o infinity =
in2 o infinity).

In the category of sets, ‘conat’ is really the set of natural numbers and the infinity.

Proposition 3.3.5: In Set, ‘conat’ is ‘nat U { oo }’.

Proof: The predecessor function is defined as usual. Roughly speaking, for any func-
tion f: A — coprod(1, A), copr(f)(x) is the number of applications of f to = to get the
element of 1

copr(f)(z)=n where  f"(z) € 1,

and, if it never results in the element of 1, copr(f)(z) = oo. We can easily show that
this is the unique function which makes the ‘conat’ diagram commute. ||

Therefore, in the category of sets, ‘conat’ is isomorphic to ‘nat’, but this is not the
case for all the categories. There are some categories where ‘conat’ and ‘nat’ are not
isomorphic.

Proposition 3.3.6: In category TRF of subsets of natural numbers as objects and
total recursive functions as morphisms, there exists the natural number object but does
not exist the co-natural number object.
Proof: TRF’s terminal object, initial object, product functor and coproduct functor
are all the same as those of Set. For example, injections ‘inl’ and ‘in2’ for coprod(A, B)
are trivially total and recursive, and for any two total recursive functions f: A — ('
and ¢g: B — C case(f,g) is also total recursive function. We can write it down as a
kind of program.

case(f,g)(x) i 2 € A then flz)

else g(x)

The natural number object ‘nat” in TRF is also the ordinary set of natural numbers.
‘Zero’ and ‘succ’ are total recursive functions from the very definition of recursive
functions and for f:1 — A and ¢g: A — A of total recursive functions, pr(f,¢) can be
written as the following program.

pr(f,g)(n) 4t i = 0 then fO
else g(pr(f,g)(n —1))

which defines a total recursive function.

However, we cannot have the co-natural number object in TRF. The program of
copr(f) for a total recursive function f: A — coprod(l, A) can only be

def

copr(f)(z) = if f(x) € 1 then 0
else copr(f)(f(x)) + 1

which is recursive but not total. []

There is also a category which has both ‘nat’ and ‘conat’ and in which they are non-
isomorphic. We will show this in chapter 4.

From the point of view of finding fixed points of functors, ‘nat’ is the initial fixed point

of FI(X) def + X and ‘conat’ is the final fixed point of the same functor.
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3.3.7 Automata

The declarations of initial algebras and final coalgebras do not use the full power of the
CDT declaration mechanism. Their unit and counit natural transformations always
have the form

all = F

for initial algebras and have the form
a k' — FE

for final coalgebras, where E is any functorial expression but F is a variable (more
specially, the variable which denotes the object we declare). Therefore, all we are
doing is just listing constructors for initial algebras and listing destructors for final
coalgebras. We will see what kinds of form define sensible functors in section 3.5. So
far, the only exception was the exponentials. We will see another example in this
subsection.

One of the interesting applications of category theory to computer science is to au-
tomata theory. [Arbib and Manes 75] presents the category Dyn(/) of I-dynamics
whose object is

Qx1I Q,

where () is the set of states, I is the set of inputs and ¢ is a dynamics which is a

function determining the next state of the automaton according to the current state
and input.

From this, we can construct a categorical data type of automata.

right object dyn(/) with univ is
next: prod(dyn, I) — dyn
end object

Note that our dyn(/) for an object I is just an object; it is not a category like Dyn([)
is. The diagram which explains this right object is

For any dynamics é: prod (@, I) — @ and an initial state ¢o: 1 — (), we get an automa-
ton

univ(é) o qo

dyn([)
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as a global element of dyn(/). Though we can put this automaton into the next state by
applying ‘next’, we are never ever able to see its behaviour from the outside. Moreover,
because of this non-observability, we can easily prove that dyn(/) is in fact isomorphic
to the terminal object. In order to make ‘dyn’ a more sensible object, we need to add
an output function. The new categorical data type of automata is”

right object dyn’(7, O) with univ’ is
next’: prod(dyn’, I) — dyn’
output’: dyn’ — O

end object

For any dynamics 6: prod(Q, ) — @, any output function $:() — O and an initial
state ¢o: 1 — @, we have a global element in dyn'(7, O)

. univ’(é, 8) o qo

dyn’(I,0).

We can obtain its next state by applying ‘next”” and its output by ‘output”. In addition,
the following proposition holds.

Proposition 3.3.7: In a cartesian closed category, the categorical data type of Moore
automata, dyn'(7, 0), is isomorphic to exp(list(7), O).

Proof: By defining two morphisms between them and proving that they form an
isomorphism. [

3.3.8 Obscure Categorical Data Types

We have defined more or less familiar data types as categorical data types in the
preceding subsections. One might ask whether CDT can define any data types which
are unable to be defined in other languages or methods. The data type of automata is
such an example and we can invent similar examples more, but still they are familiar
(or we are just trying to express our familiar data types in CDT). In fact, CDT allows
us very obscure data types, some of which may not be conceptualized in the human
brain (at least not in the author’s brain).

From the prime requirement of CDT, it can define right and left adjoint functors of
any existing functors, and in subsection 3.3.5, we defined ‘list’” as a covariant functor,
so that we can declare its left and right adjoint functors in CDT as follows.

left object ladjlist(X) with ¢ is
a: X — list(ladjlist)
end object

"The original definition we used was
right object dyn’(I,0) with univ’ is
next’: prod(dyn’, I) — prod(dyn’, O)
end object

which gave us the categorical data type of Mealy automata. The current definition gives us the data
type of Moore automata.
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right object radjlist(.X) with ¢ is
o't list(radjlist) — X
end object
Some questions arise immediately after defining these data types: are they familiar
data types, and are they in any way useful? The answers to the both questions are
unfortunately negative. For the left adjoint,

Proposition 3.3.8: In a cartesian closed category, ‘ladjlist(A)’ for any object A is
isomorphic to the initial object.

Proof: It is easy to show that the initial object makes the characteristic diagram of
‘ladjlist” commute. Note that in a cartesian closed category ‘list(0)’ is isomorphic to
the terminal object so that the unit morphism of ‘ladjlist’ is the unique morphism to
the terminal object. ]

The right adjoint functor is more harmful than the left one.

Proposition 3.3.9: A cartesian closed category with ‘radjlist” degenerates (i.e. all the
objects are isomorphic).
Proof: We have the following morphism from the initial object.

nil o
1 — list(radjlist(0)) — 0
Then, it is easy to show that the terminal object is isomorphic to the initial one. This
further implies that any object in the category is isomorphic to the initial object.

A = prod(A, 1) = prod(A4,0) =0 l

Most of the left and right adjoint functors of conventional data types follow the same
pattern as ‘list’, that is, they are either trivial or destructive, so they are useless.

Hence, a natural question to ask ourselves is that what kind of categorical data types
are useful. But what is the formal criteria of useful data types? We have not yet
defined this. We will come back to this in chapter 4 and see it from a point of view of
computability of categorical data types.

3.4 Semantics of Categorical Data Types

In definition 3.2.2, we associated a CDT declaration to a CSL signature extension (an
injective morphism in CSig). In this section, we will see it as a CSL theory extension
and give the precise semantics of CDT declarations.

First, from our informal intention of CDT declarations we have to figure out the CSL
statements which characterize them. A CDT declaration
left object L(Xy,..., X,) with ¢ is
ap: By — B

L
end object
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is the syntactic form of defining the functor L = Left[ﬁ, é], where F and G are corre-
sponding functors for Fy, ..., F,, and E],... B  respectively. <L([f), @) is the initial
obJect of DAlg(F G) and ;/) is its medlatmg morphlsm that is, for any morphisms
f F(B A) — G(B A) ;/)(f) gives a unique morphism from L(A) to B such that the

following diagram commutes.

F(L(A), A) A L), A) L)
| | |
ﬁw@%ﬁ: S :Ywﬂ,ﬁ :wﬁ
b o |
F(B,A) - G(B, A) B
f

The commutativity of this diagram can be expressed as the following equation:

—

G(o(f). Ao d = Jo F(u(f), A), (+)
and the uniqueness can be expressed as the following conditional equation:
G(h, A)od = [oF(h A)= h=u(f) (+%)

The two equations say everything about L, & and . Let us now translate them to CSL
statements in (TU{L},AU{aq,...,an}, VU{}) so as to give complete description of
the CDT declaration above in CSL. (%) corresponds to the following m CSL equations:

El(fr,. o fu) /L) o ci = fio Ei[(fi,.... fn) /LT (LEQ))
(¢ =1,...,m) and (**) corresponds to the following conditional CSL equation.

Eilg/Lloay = fio Ey[g/L] A
ANE[g/L] ooy, = fnoEylg/L] = g=124(f,...,[n) (LCEQ)

In addition, we should have a CSL equation expressing functors by factorizers and
natural transformations. We can extract such an equation from proposition 3.1.4.

L(hy, ... hy) =
(B[R ) Xi] 0 ay o Erlhi/ X, .. EL[hi/ X)) 0 an o Enlhi/X;]))° (LFEQ)

Therefore, the semantics of CDT declaration can be given as a CSL theory extension
as follows.

SE[(f1,..., fm)/L] means replacing the variable L by #(f1, ..., fm) and replacing the other variables
Xiq,..., X, by the identities, that is it is a shorthand for

Eildo(fr, oo )/ DI/ X, T/ X,

E1[hi/X;] is a shorthand for E4[I/L hy /X1, ... hp/X,].
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Definition 3.4.1: Given a CSL theory (I''A, ¥, 0), a CDT declaration
left object L(Xy,..., X,) with ¢ is

ap: By — B

e O
end object,

where F; and E! (i = 1,...,m) are CSL functorial expressions over (I') A, U) whose
variables are Xy,..., X, and L, is associated with a CSL theory morphism

agr: <F,A,\I},®> - <F U {L}7A U {0517" '7am}7q} U {77[)}7
O U {LEQ,,...,LEQ,,,LCEQ, LFEQ})

where the types of L, aq,...,«,, and ¢ are as given in definition 3.2.2. Dually, we can
associate to a right object R

right object R(Xy,...,X,) with ¢ is
ap: By — B

ap: B, — E!
end object,

a CSL theory morphism op.

or: (T,A,0,0) — (TU{R},AU{a1,..., 0}, VU {2},
© U {REQ,...,REQ,,,RCEQ,RFEQ})

where REQ,, RCEQ and RFEQ are
aio E[(fr,.., fu) /Rl = Ef[Y(fr,..., fu) [ R] 0 fi (REQ;)

ay o Ei[g/R] = Ei[g/R]o fiA...
N o Enlg/B] = Eg/R)0 fu = g = 6(J1r.. fu) (RCEQ)

R(hy, ... hy) =
(B [h /X 0 oy o Eylhi/Xi,. .. Bl [hi) X:] 0 o 0 Enlhi/X:]) (RFEQ)

[

Example 3.4.2: Let (I, A, U, 0) be the CSL theory of cartesian closed categories (see
examples 2.2.2 and 2.5.3). On top of this, as we have seen in section 3.3.4, we can define
a natural number object by

left object nat with pr is
zero: 1 — nat
succ:nat — nat

end object.
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The CSL statements characterizing this object are

pr(f? g) 0 zZero = f (LEQnat,I)
pr(f.g) o suce =g opr(f,g) (LEQuas,»)
hozero=fAhosucc=goh=h=pr(f,g) (LCEQ,.:)

The CSL extension o,, associated with the declaration above is:

Onat

(I'A, W) —— (I'U {nat}, A U {zero, succ}, ¥ U {pr},
@ U {LEQnat,D LEQnat,?? LCEQnat}> I:I

Thus, each CDT declaration can be associated with a CSL theory extension. This can
be thought as a semantics of CDT declarations. However, it is sometimes convenient
to regard their semantics to be real categories.

Definition 3.4.3: A sequence of CDT declarations Dy, ..., D; defines a sequence of
CSL theory extensions starting from the empty CSL theory.

CTD1 CTD2 O'Dl

0,0,0,0) —— (I't, Ay, ¥4, 0y) (T, A, U, 0)

We define a CSL structure of the CDT declaration sequence Dy, ..., D; to be a category
which is a CSL theory structure of (I';, Ay, Uy, ©;), and the free structure of Dq,..., D;
to be the free category of this CSL theory (see section 2.6). []

It we do not rely on any ways of defining functors other than CDT declarations and if
we do not accept any pre-defined functors, it is inevitable to start with the empty CSL
theory. We have defined cartesian closed categories as a CSL theory in examples 2.2.2
and 2.5.3, but we can do so in CDT starting from the empty theory by just declaring the
terminal object (see subsection 3.3.1), products (see subsection 3.3.2) and exponentials
(see subsection 3.3.3). The advantage of the latter is that we neither need to think
about equations nor need to do tedious typing of functors, natural transformations or
factorizers. These things come out automatically, so it is easy to define categories and
there is less chance to make mistakes.

We have introduced CDT declarations from Left and Right, but we could not connect
them formally. Now, after having models of CDT as categories, we can do so.

Proposition 3.4.4: Let (C, &) be a CSL structure of a CDT declaration sequence Dy,
...,Dl. Ifl)Z is
left object L(Xy,...,X,) with ¢ is

ap: By — E]

L
end object

, é) where

el

then ¢ L = Left(

FYEENL Xy, X)) By ML, X, X)) B
G NL, X1, .., X)) B ML, Xy, ..., X)) EL).
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nil: 1 — list
cons: prod(X, list) — list
end object

Name CDT Declaration CSL Statements
Terminal right object 1 with ! ="
end object
Initial left object O with !! f=n
end object
Products right object prod(X,Y’) with pair is pil o pair(f,g) = f
pil:prod — X pi2 opair(f,g) =g
pi2:prod — YV h = pair(pil o h,pi2 o h)
end object prod(f, g) = pair(f o pil, g o pi2)
Coproducts left object coprod(X,Y) with case is case(f,g)oinl = f
inl: X — coprod case(f,g)oin2 =g
in2:Y — coprod h = case(h oinl, h 0in2)
end object coprod(f,g) = case(inl o f,in2 o g)
Exponentials right object exp(X,Y’) with curry is eval o prod(curry(f),]:) =f
eval:prod(exp, X) — Y h = curry(eval o prod(h, I))
end object exp(f,g) = curry(g o eval o prod(I7 )
NNO left object nat with pr is pr(f,g) ozero = f
zero: 1 — nat pr(f,g) osucc = g o pr(f, g)
succ:nat — nat hosucc =goh = h =pr(hozero,g)
end object
Lists left object list(X) with prl is prl(f,g)omnil = f

prl(f,g) o cons = prod(I7 prl(f,g))og
h o cons = prod(]:7 h)og =

h = prl(h onil, g)
list(f) = prl(nil, cons o prod( f, I))

Infinite Lists

right object inflist(X) with fold is
head:inflist — X
tail: inflist — inflist

head o fold(f,g) = f
tail o fold(f, g) = fold(f,g) o g
tailoh = goh = h =fold(head o h, g)

next’:prod(dyn’, I) — dyn’
output’: dyn’ — O
end object

end object inflist( /) = fold( f o head, tail)
Co-NNO right object conat with copr is pred o copr(f) = Coprod(I7 copr(f))o f
pred: conat — coprod(1, conat) hopred = fo Coprod(I, h) =
end object h = copr(f)
Automata right object dyn’(I,O) with univ’ is next’ o prod(unjv'(f,g),]:) =univ'(f,g)o f

output’ o univ’(f,g) = g
next’ o prod(h,I) =hof=
h = univ’(f,output’ o k)

Figure 3.1: CDT Objects

The similar thing holds for right CDT declarations.
Proof: Trivial, because we set the CSL statements so that this proposition holds. ||

74

Finally, in this section, let us summarize the objects we have defined in this chapter
and their characteristic CSL statements in figure 3.1.

3.5 Existence of Left and Right

In section 3.1, we have introduced functors Left[F, (/] and Right[F, (] with the con-
dition which characterizes them, but we did not consider whether such functors exist
or not. In this section, we study them mathematically and present a condition of the
existence.

Let us recall the standard construction of initial T-algebras (see, for example, [Scott

76, Lehmann and Smyth 81]).

Proposition 3.5.1: For a w-cocomplete category C (i.e. it has colimit of any w-chain
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diagram) and an endo-functor T:C — C which is w-cocontinuous (i.e. it preserves
colimit of any w-chain diagram), its initial T-algebra is given by the colimit of the

following w-chain diagram.!©
1 (1) T2(1) =11 ™ (1)
0 — T(0) —— T*0) T(0) —— --- ]

As we presented in section 3.1, Left[F, G] is a generalization of initial T-algebras, where
Fis a functor of C x D — &£ and G is of C x D™ — £. We will reduce the existence
problem of Left to that of corresponding T-algebras. For a D object A, from its defini-
tion (Left[F,G](A),n4) is the initial object in the category DAlg(F( -, A),G( -, A)),

SO

F(Left[F, G](A), A) 14

G(Left[F, G](A), A)

Now, if G( -, A) has a left adjoint functor, say H( -, A): € — C, this morphism n4 has
its one-to-one corresponding morphism

H(F(Left[F, G](A), A), A) Left[F, G](A).

This means that Left[F, G](A) is a T-algebra, where T'(B) o H(F(B,A),A), and we
naturally expect this T-algebra to be special. It really is the initial T-algebra, so we
can formulate the following theorem.

Theorem 3.5.2: let I':C xD — & and GG:C x D~ — & be functors. If

1. C is w-cocomplete,

2. for each D object A, G4 o G(-,A):C — & has a left adjoint Hy4: & — C, and
3. for each D object A, Fy o F(-,A):C — & is w-cocontinuous,
then Left[F, G](A) exists in C and
Left[F, G](A) = colimit(H 4 o F4)"(0)
Proof: Since a left adjoint is cocontinuous, 1) def H, o Fy is w-cocontinuous if Fy

is so. All we have to show is that the initial Ty-algebra gives the initial object of
DAlg(F4,Gy4), and the rest follows from proposition 3.5.1.

Let the initial T'4-algebra be [ paired with a morphism

[2

Ha(Fa(1)) I.

10Tn general, this sequence might not converge at w. In such a case, we may extend the sequence up to
any ordinal such that

1. To+t1(0) = T(T%(0)), and
2. TP(0) = colimit T%(0) for a limit ordinal 3 (treating 0 as a limit ordinal).

a<pB
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For an object (B, f) in DAlg(F4,G4)

Fa(B) Ga(B)

we have to construct the unique morphism from [ to B which makes a certain diagram
commute. To do so, let us name the factorizer of the adjunction H4 — G4 1, that is,
1 is the natural isomorphism Home(H 4(C'), D) = Homg(C,G4(D)). Then, »=1(f)
gives a T'4-algebra

By ——

and since ([, ¢) is the initial Ty-algebra, there exists a unique morphism g: I — B such
that the following diagram commutes.

Ha(F4(I)) I
Ha(Fal(g)) a g (*)
Ha(F4(B)) B
b= (S)

The naturality of @ converts this diagram to the following commutative diagram.

P()

Fu(T) Ga(l)

Fa(g) o Galg) (+x)
Fi(B G4(B
(B) F (B)

(e (g 0 1) = Galg) o ¥le) and $((f) o Ha(Fa(g))) = f o Falg)). That showed
the existence of g. The uniqueness of ¢ is no more difficult. If g: I — B satisfies (#%),
then by applying ¢»~! we get (*) back again and so there g should be unique. ]

Example 3.5.3: Trivially, if £ is C and G:C x D™ — C is the projection functor, G4
is the identity which has the left adjoint H4 which is also the identity functor. In this
case, the above theorem is essentially stating the same thing as proposition 3.5.1. ]

Example 3.5.4: Another simple case i1s that £ is C x C and G4 is the diagonal
functor. Its left adjoint is the binary coproduct functor. F4:C — C x C can be
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decomposed into Fy and F both of which are functors of C x D — C such that
Fa(B) = (F4(B), F{(B)). The theorem states that Left[F,G](A) is the initial T4-
algebra where T4(B) def Fi(B) + F{(B). This explains that our natural number

object in subsection 3.3.4 is the initial T-algebra where T(B) def + B. ]

Theorem 3.5.2 has its dual form for Right[F, G].
Theorem 3.5.5: Let F':C x D — & and G:C x D™ — & be functors. If

1. C is w-complete,

2. for each D object A, Fy o F(-,A):C — & has aright adjoint K4:& — C, and

3. for each D object A, G4 o G(-,A):C — & is w-continuous,

then Right[F, G](A) exists in C and

Right[F, G](A) = limit(Ka 0 Fa)"(1) [

Example 3.5.6: As an application of this theorem, let us calculate dyn'(,0). For
this, we should take D to be C x C7, £ to be C xC, F:C xC xC™ — C xC to be
F(ALO) Y (Ax 1, A) and G:CxC~ xC — C x C to be G(A,1,0) ¥ (4,0).
Fj o has a right adjoint H; (D, E) o exp([, D) x E. Therefore, dyn’(I,0) is the final
11 o-coalgebra, where T7 o(A) def H;o(Gro(A)) =exp(l,A)xO. Now, let us calculate
lirgit T7o(1).

T75(1) =1
T7o(1) Zexp(l,1) x O =2 0 Zexp(1,0)
T76(1) 2 T10(0) Zexp(l,0) x O Zexp(l +1,0)
T76(1) Zexp(I,exp(141,0)) x O
Zexp(I X (1+1),0)x 0

exp(l + 1+ 1% 0)

TﬁO(l) = exp(l ‘|‘]—|-]2 4+ .- _|_]n—170)

Therefore, dyn'(I,0) = lirglit T7o(1) Zexp(l+ 14174 ---,0) = exp(list(1),0). [



Chapter 4

Computation and Categorical Data
Types

In chapter 2 section 2.4, we introduced CSL expressions Exp(I', A, ¥) which denote
polymorphic functions in CSL structures. In this chapter, we will see them as programs
and see how they can be executed. One of the ways to treat specifications as programs
is to regard equations as rewrite rules, but in our case, CSL statements are in general
conditional equations and, therefore, it is quite difficult to treat them as rewrite rules.
Furthermore general rewriting cannot be regarded as real computation unless rules are
Church-Rosser, otherwise, rewriting is more close to theorem proving.

There is no other way so long as we are dealing with CSL specifications. Remember
that CSL was introduced in order to give semantics to categorical data types we have
investigated in chapter 3. In CDT theory, we are not dealing with arbitrary CSL spec-
ifications, but some special ones, ones which are associated with CDT declarations.
Therefore, we have much more hope for executing these special CSL specifications
than arbitrary ones. For example, cartesian closed categories are, as is well-known,
connected to lambda calculus which is a model of computation, so we can put some
evaluation mechanism into them. [Curien 86], for example, has developed such a sys-
tem. A difference of our approach from his is that we do not restrict ourselves only to
cartesian closed categories. One of the main aims of CDT is to study categories formed
by programming languages, and we should not presume any structure in the categories
without proper reasons. We can only accept the cartesian closed structure in CDT if
this is necessary for putting the concept of computation to it. As we will see later in
this chapter, our categories are cartesian closed (with some extra structure), and by
then we should know why the cartesian closed structure is necessary.

CSL expressions in section 2.4 and the CDT declaration mechanism in chapter 3 give
us the basis of Categorical Programming Language (CPL) to which we will devote
this chapter. CPL tries to extract the computable part of CDT. As we have seen in
subsection 3.3.8, CDT in general allows us to define very strange objects which have
no concept of being computable. We are going to put restrictions to the form of CDT
declarations in CPL.

78
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Therefore, in CPL, we can declare data types by CDT (with restrictions). As we have
seen in section 3.4, this will determine a CSL in which we can have CSL expressions
introduced in section 2.4. CSL expressions are the programs in CPL. There is no
difference between programs and data. From the categorical point of view, there is
nothing inside objects, that is, there are no data inside data types. CSL expressions
whose domain is the terminal object are called CPL elements. The execution in CPL
is essentially a reduction of a CPL element to a canonical irreducible CPL element.

Following the result of this chapter, CPL will not only exist on paper, but also can be
implemented. This will be presented in chapter 5.

In section 4.1 we introduce a restriction to objects we can declare in CPL and a set of
reduction rules for CPL computation. In section 4.2 we see an example of computation
in CPL. In section 4.3 we prove that any computation in CPL terminates (i.e. the
reductions are normalizing) by Tait’s computability method. In section 4.4 we show
some properties about objects in CPL and, finally, section 4.5 gives another set of
reduction rules for CPL computation which reduces CPL elements into intuitively
more canonical elements.

4.1 Reduction Rules for Categorical Programming
Language

In this section, we will present some basic definitions together with the reduction rules
for CPL. Let us assume in the following discussion that we have defined categorical
data types by a sequence of CDT declarations, Dy, ..., D;, and that we have obtained
the corresponding CSL, (I'; A, ¥, ©) as in definition 3.4.3.

In ordinary programming languages, we distinguish programs and data. We feed data
into a program; it processes the data and then outputs the result data. We cannot
feed a program into another program and data cannot process other data or programs.
However, it is true that data are a special kind of programs, very simple ones. We can
write data directly into programs as initialization statements or as assignments. For
example, natural numbers like 1, 132, 59, etc. are data as well as constants in programs.
In some languages like LISP, there is no difference between data and programs at all.
CPL is not as liberated as LISP, but both data and programs are morphisms and data
are just special morphisms having a special domain object.

As we know, category theory deals with the external structure of objects rather than
their inner structure so it is not proper to think about data inside objects. However,
we do sometimes need something similar to elements in set theory. We say elements in
category theory are morphisms whose domain is the terminal object.

1-5 A

We say e is an element of A. If we think in the category of sets (Set), ‘17 is the one-
point set and a morphism from the one-point set to a set corresponds to an element in
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the set.
Homget(1, A) = A

Hence, the definition of elements in CPL is:

Definition 4.1.1: Given a CSL signature (I', A, ¥), a CPL element e is a CSL expres-
sion with no morphism variables whose domain type is the terminal object.

pFed(Xy,....X,)1l—=K

(see section 2.4 for typing). In case n = 0 which is very often the case, we may write
el — FE where E is a functorial expression without variables. We also say that e is
an element of F. |

In order for this definition to be sensible, we need to have the terminal object in our
category. For simplicity, we assume that Dy is the CDT declaration of the terminal
object as is presented in subsection 3.3.1.

Though this definition is a natural way of defining elements in category theory, it
introduces non-symmetry in CPL. Remember that CDT is meant to be symmetric:
e.g. if we have an object of natural numbers, we should have its dual, an object of
co-natural numbers, and so on. Since we treat ‘1’ as a special object and the elements
in CPL are defined in this way, we destroy the beauty of symmetry. We will see the
consequence of this shortly.

Example 4.1.2: Assume that we have defined all the objects in section 3.3. Then

succ o zero,
pi2 o pair(succ o zero, nil),

eval o prod(pr(curry(pi2), curry(succ o eval)), I) o pair(succ o succ o zero, succ o zero)

are all CPL elements. ||

As we can see from this example, we cannot regard all the elements as data. ‘succozero’
and ‘pair(succ o zero, nil)’ can be data, but ‘pil o pair(succ o zero,nil)” cannot be. We
call special data-like CPL elements canonical CPL elements. The definition is:

Definition 4.1.3: A canonical CPL element is a CPL element which wholly consists
of natural transformations introduced by left objects and factorizers by right objects.
Formally, a canonical CPL element, ¢ € CE, is defined by

ci:=1|apoc|prle,...,e,)0c

where «ay, is a natural transformation of a left object and g is a factorizer of a right
object. Note we often do not write I at the tail of canonical elements. ||

From this definition, ‘pair’ and ‘curry’ can form canonical elements, but ‘pil’, ‘pi2’ or
‘eval’ cannot. So for the right objects, factorizers are the means of creating canonical
elements. On the other hand, ‘zero’, ‘succ’ and ‘cons’ can form canonical elements,
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but not ‘pr’ or ‘case’. So for the left objects, natural transformations are the means of
creating canonical elements.

Canonical Non-Canonical
) natural transformations factorizers
left object .
e.g. zero, succ, nil, cons e.g. case, pr, prl
. ) factorzers natural transformations
right object ) S
e.g. pair, curry e.g. pil, pi2, eval

Definition 4.1.3 is beautifully symmetrical as we hoped from the symmetry of CDT.
In addition, if we look at the canonical elements in other programming languages, we
note that ‘pair’ corresponds to making pairs of data, ‘curry’ corresponds to lambda
abstraction and both create canonical things (i.e. we cannot process them any more as
themselves), and also we note that ‘pr’ and ‘case’ are programming constructs corre-
sponding to primitive recursive definitions and case statements and they can never be
data. Therefore, definition 4.1.3 fits well with the usual notion of data.

Of course, this is not the only definition of canonical elements. It defines quite lazy
canonical elements. It does not care what are inside factorizers. For example,

pair(pil o pair(succ o zero, nil), zero)

is a canonical element of ‘prod(nat,nat)’ from this definition. Some might not want to
call it canonical because it is equal to another canonical element

pair(succ o zero, zero)

which looks more canonical. However, this is because ‘prod’ is a rather special object.
In general, expressions inside factorizers may not be elements, so we cannot demand
them to be canonical (or we have to treat product-like objects special). One might still
accept this easily since canonical elements in Martin-Lof’s type theory are similar to
ours, but another queer aspect of our definition is that we accept

pair(pi2, pil) o pair(succ, I) o zero
as a canonical element. It is equal to the following element
pair(pi2 o pair(succ, I) o zero, pil o pair(succ,I) o zero),
but this is again because of the special property of ‘prod’. In general

Yre,...,e,)o0c

is not equal to something in the form of ¥g(€], ..., €] ). For example, we cannot always

find other simpler canonical elements which is equal to “fold(f, g) o ¢’ (where ‘fold’ is

the factorizer of ‘inflist’).

There are many views of computation, but in CPL computation is the reduction of an
element to a canonical element equal to the given element.

€ = C
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Since the reduction is not straightforward, we want to do step-by-step reduction. There-
fore, we modify the above form of reduction to the following one.
(e,c) =

This means that a CSL expression e applied to a CPL canonical element ¢ is reduced
to a CPL canonical element ¢. It is like calculating the result of applying an element
¢ to a function e. Obviously, € o ¢ should be semantically equal to ¢’. Since a CPL
element is a morphism from the terminal object and ‘T’ is its canonical element, if we
want to reduce an arbitrary CPL element e we can ask for the following reduction.

(e,I) = ¢

In the following, we assume that the associativity of ‘o’ (the composition of morphisms)
has been taken care by some means so that in our rules we do not consider it. We
also assume that there are no functors in CPL elements because we can always replace
them with factorizers and natural transformations. For example,

eval o prod(curry(succ), nil)
is equivalent to

eval o pair(curry(succ) o pil, nil o pi2).

Let us now define rules for the reductions. The simplest one is for identities. Since Ioc¢
is equal to ¢, we should have the following rule.

(L) = ¢ (IDENT)

Next, for the composition, we naturally have
(eg,¢) = ¢ (e, "y = ¢

(e1 0 eg,¢) = ¢

(COMP)

In case that e is a natural transformation introduced by a left object or a factorizer
introduced by a right object, the rule is easy because the composition of e with a
canonical element is canonical by definition 4.1.3.

(ap,c) = apoc (L-NAT)
(Vr(er,. . en),c) = Yr(er,....ex)0c (R-FACT)

For example, (succ,zero) = succ o zero and

(curry(pi2), pair(zero, succ o zero)) = curry(pi2) o pair(zero, succ o zero).

Difficulty comes in for the other cases, i.e. when e is a natural transformation of a right
object or a factorizer of a left object. Let us first consider the case for a factorizer vy,
introduced by the following left object.

left object L(X) with ¢, is
ap: E(L,X) — E'(L, X)
end object
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From the property of this object, we have a CSL equation
E'(¢r(e),I) o ar = e o E(Pr(e),I).

An instance of this equation is ‘pr(f,¢g)osucc = gopr(f,¢)’, and in this case we should
have a rewrite rule from ‘pr(f, g) osucc’ to ‘gopr(f,g)’. Therefore, in general we might
have the following rule.

(e o E(¢p(e),I),¢c) = ¢
(E'(¢rle), 1), apoc) = ¢

However, this rule is not what we wanted. We wanted a rule for (¢p(¢), ") = ¢”. In
order that the above rule to be a one we want, F'(L, X) should be simply L, and we
get

<€ © E(¢L(e)71)7c> =

(Yrle),apoc) = ¢

The restriction that demands E’(L, X)) should be L is the first restriction we put onto
objects in order to obtain the CPL computation rules. The left objects introduced in
chapter 3, initial object, coproducts, natural number object and lists, all satisty this
restriction except the left adjoint functor of ‘list” which we do not expect to be in the
world of computation. If E'(L, X) is something other than L, we are allowing to have

the left adjoint L' of E'( -, X) by

(L-FACT)

left object L'(X,Y") with vy is
apY — F'(LL, X)
end object.

In familiar categories (e.g. the category of sets), a functor F:C — C hardly has a left
adjoint: e.g. the product functor ¢ x A does not have one, nor does the coproduct
functor e + A.

As an example of L-FACT, let us write the rules for the factorizer associated with the
natural number object. There are two rules for two natural transformations, ‘zero” and
‘succ’.

(e,c) = ¢ (¢! opr(e,e),c) = ¢

(pr(e,e’),zero o c) = ¢ (pr(e,€’),succoc) = ¢

Let us now consider the last case, the case for the reduction rule of a natural transfor-
mation ag introduced by the following right object declaration.

right object R(X) with g is
ap: EF(R,X) — E'(R,X)
end object

From the property of this object, we have a CSL equation

aro E(¢r(e),I) = E'(Yr(e),I)oe.
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An instance of this equation is ‘pil o pair(f,¢) = f’, and in this case we should have a
rule to rewrite ‘pil o pair(f,g)’ to ‘f’. Therefore, in general we have a rule rewriting
from the left-hand side to the right-hand side as the following rule.

(E'(vpr(e),I)oe,c) = ¢
(ar, E(Yr(e),I)oc) =

However, this rule is not quite right because E(¢r(e),I)ocis not a canonical element.
We cannot have functors in canonical elements. Therefore, what the rule should really

look like is
c= FE(Yr(e),I)o (E'(vYr(e),I)oe, ") = ¢
(ap,c) = ¢

(+)

We now have a different problem of finding out an expression e and a canonical element
¢’ from a given canonical element ¢ such that

c= E(Yg(e),I)oc".

Since we are dealing with computation, we need a mechanical way of solving this
problem. Let us introduce another form of reduction rules.

<ch7R> ~ <¢R(e)7c”> (*)

such that ¢ = E(¢r(e),I)od” where F is a functorial expression in which R is a variable.
By these rules, we can rewrite the rule (+) to

(e, E(R, X)), R) ~ (¥r(e), ") (E'(vYr(e),I)oe, ") = ¢
(ap,c) = ¢

(R-NAT)

We now have to list the rules for (). If £ is simply R itself, ¢ should be FE(¢g(e),I)o
"= p(e) o ¢”. Therefore, the rule should be

(Yr(e) o, R, R) ~ (¥pg(e),"). (R-NAT-V)

Next, if F(R, X) does not depend on R, ¢ is F(¢g(e),I)o ¢’ = ¢’ so the rule may be

(¢, E,R) ~ (¢¥r(e),c),

but where does ¢g(e) come from? We cannot determine e. Therefore, E(R, X)) must
not be independent from R (i.e. E(R, X ) should not be free of R).

The case left is when E(R, X) is not a variable but a real functorial expression. Let it

be

F(Ey\(R,X),...,E,(R, X)), (1)
where F'is a functor name. In this case, the equation we are solving is
€= F(E1(¢R(€),I),. 7En(¢R(e)7I)) oc. (2)

Since functors are always represented by their associated factorizers, the equation looks
like
c=vp(---0 Ei(¢Yr(e),I)o---0 E,(Yr(e),I)o---)oc" (3)
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As we can see, we might have to pick up the same 1p(e) from more than one place
and this would be a trouble. Because ¢g(e) is a general CSL expression and we
cannot do theorem proving to show two CSL expressions are equal when doing the
CPL computation. Therefore, we need to restrict that ¢g(e) should appear only once
in (3). In order for this, we have to first restrict that only one E; in (2) contains
R. Without loss of generality, we can assume it is El(R,X), and since we are only
interested in the first argument of F', we assume that F is a unary functor and F(R, X)

A

is F(E(R,X)). Now (2) looks like

¢ = F(E(¥n(e), 1) o, (2')

but still (3) might have more than one tg(e) because when we expand functors by
factorizers using (LFEQ) or (RFEQ) in definition 3.4.1, we might duplicate ¢¥g(e).
Before stating the restriction to guarantee the no-duplication of ¥ g(e), let us note that
F should be a functor introduced by a right object declaration. This is because, if we
look at the equation (3), ¢ is a canonical element consisting of left natural transforma-
tions and right factorizers, so g should be a right factorizer. Let the following be the
declaration of F'.

right object F(Y) with ¢p is
By By (FY) — E/(F)Y)
' (4)

B En(FY) — B! (F,Y)
end object

From the equation (RFEQ) in definition 3.4.1, (3) really is

¢ = ¢F( E{(IvE(¢R(e)vI)) 0 ﬂl 0 El(Iv E(¢R(e)71))v (3/)
E! (L E(pr(e).1) 0 By o B (L E(pr(e), 1)) o ¢

In order that ¢g(e) should appear only once in this equation, ¥ should appear only
once in one of E; and E!. In order to show that ¥ should not be in one of EZ, let F be
simply
right object F(Y) with ¢p is
g:Y = F (4)
end object.

(3) becomes )
c=vp(Bo E(pr(e),I))oc"
We may demand that ¢ should be ¢ p(é) o é and find ¢r(e) such that
é= o E(dr(e). 1),

but how can we solve this equation? In general, we need theorem proving for this. We
should have reduced the problem recursively into

<é, E, R> ~r <77Z)R(e)7 é>7
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but there is no way to do this if Y appears in one of FE;, because ¢ should never be an
element. The typing rule in definition 3.2.2 gives us
Y — Z
Yr(é):Z — F(Y)

and we cannot choose Y to be the terminal object. If Y and I were the other way
round in (4'), we could choose Z to be the terminal object to make é an element.
Therefore, if Y is in one of EZ’ in (4), we have a possibility of reducing the problem of
solving (3') into a smaller problem of the same kind. Without losing generality, we can
assume that Y only appears in ! in (4). Now, (3') is

¢ = p(B(L E(n(e), D) o B, B, ) 0 . (3")
We demand ¢ to be g (é1,€s,...,6y,) 0 ¢ so (3"”) is further rewritten to
Up(Er, ey ém) o é=p(EN(L E(r(e), 1) o By, Bas. ..\ Bn) o, (3")

Here, we cannot jump to the conclusion that é; is E{(I,E(;/}R(e),l)) 0 3, €y 18 [y,
.., and ¢ is ¢’, because a part of ¢ may well contribute to form F{(I, E(¢¥r(e),I)).

What is desirable is that we could rewrite ¢p(é1,€éz,...,6n) 0 ¢ to Yp(é, €, ... €)

like pair(f,g) o h = pair(f o h,g o k). This is possible when each E!'in (4) does not
depend on F'.
Proposition 4.1.4: Let R be a right object defined by

right object R(Xy,...,X,) with ¢g is
Qe El(R,Xl, e 7Xn) — E{(Xl, e 7Xn)

O B (R, X1, ., X)) — EL(Xq, ., X))
end object

(note that E! does not depend on R), then
Yr(er,...,em)oe =vprlego Ey(e, ..., I),... e 0 B (e, 1,....T)) (REQC)
Proof: From (RCEQ) in definition 3.4.1,

051OE1(¢R(€17-'-76m)06/717"'71) :fl/\

o By (e, ...iep)oe L. 1) = f, A
= Ypler,....en) o€ =rp(fi, .., fm)

Using (REQ;) and the fact that E; is covariant in R, we get

eccoBi(\I,....T)=fiA...Aepo B, (e 1. 1) = [,
= Yr(er,...,en)0€ =vp(fi,. -, fn)
Therefore,

Yr(er, ... en)o0d =vplego By(e,I....1), ... e, 0 B, (e, I, ... 1))
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We call this kind of right objects unconditioned. The name indicates that the objects
are characterized without using conditional CSL equations. In fact, (REQ;), (REQC),
(RFEQ) and the following (REQI) characterize the unconditioned right objects.*

Yrlag,...,an) =1 (REQI)

Therefore, we assume that in (4) F' does not appear in any of EZ’ As we have already
assumed that Y appears only in £, (4) now looks like

right object F(Y) with ¢p is
Pz EA(F) — EY(Y)
623 EQ(F) — Eé

end object

(Eé,,E;n do not depend on F or Y in this case, but in general F' might have
parameters other than Y and they can appear in Fj, ..., F! ), and (3) is

p(éy 0 Ey(é),é50 g@ e 0 B (8)) N N A
= (B (B () I))o B0 Ei(c"), B2 o Er(c"), ..., Bu 0 En(c")). (3)

If, furthermore, the first argument of 1)r is an element, we can reduce the problem of
solving (3) into ) o )

é10 Ey(¢) = B{(E(Yr(e),I)) o 3y 0 By (). (5)
Since e o El(é) is an element, we can ask its canonical element and it becomes almost

like the original object (3) except F is replaced. Let us see the typing rule for ¢
defined in definition 3.2.2.

f1: E\(Z) — EL(Y)
bp(fr,..): Z — F(Y)

Since ¥p in (3) is making an element, Z above should be the terminal object 1. In
order that f; above is also an element, El(Z) (or El(l) because Z is 1) should also
the terminal object. Because El(Z) cannot be independent from Z, El(Z) should be
simply Z. Therefore, (5) is

o= B(E(n(c). D)o b o (5)
As ¢, o ¢ is an element, we can ask its canonical element by
(61,¢) = &, (6)
and we can also ask to solve
= E{(E(pr(e),T)) o & (7)

'We can define unconditioned left objects as dual.
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by

<é/7 E{(E(Rv X))v R> ~ W’R(e)v

&).

If we set ¢’ to be

bp(&", 6y 0 Ey(2), ..., 6 0 B, (2)),

(3) is satisfied from (REQ;) in definition 3.4.1.

BbntenD) oo B A
= l?{(l?(;/}g(e),I)) o310 Ey(vp(é, é20 Eay(é),. .., ém 0 Epn(é)))
FE

(é1,¢) = ¢

(Yr(ér, 6.
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(R-NAT-F)

As an example of the rules (R-FACT), (R-NAT), (R-NAT-V) and (R-NAT-F), let us

write the rules for the exponentials. The CDT declaration of the exponentials is

right object exp(X,Y") with curry is
eval: prod(exp, X) — YV
end object

as we have seen in subsection 3.3.3. The rule (R-FACT) is simply
(curry(e), c) = curry(e) o ¢,
and the rule (R-NAT) is

(¢, prod(exp, X ), exp) ~ (curry(e),c”) (e, "y = ¢
(eval,¢) = ¢

The rule (R-NAT-V) is simply
{curry(e) o ¢, exp, exp) ~» (curry(e), "),
and, finally, the rule (R-NAT-F) is

(é1,¢) = ¢ (¢, exp, exp) ~ (curry(e), &)

(pair(éy, é3) o ¢, prod(exp, X ),exp) ~ (curry(e), pair(¢’, é; o ¢))
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We may simplify the last three rules and have the next one instead.

1

(e1,¢) = curry(e) o ¢ (e, pair(c’ ey 0¢)) = ¢

(eval,pair(ey, ep) 0 ¢) = ¢
We will see an example using these rules in the next section.

In order to obtain (R-NAT-F), we have put several restrictions to the right object
declaration. To state the restrictions formally, let us introduce the notion ‘productive’.

Definition 4.1.5: Functorial expressions which are productive in X are generated by
the following two rules.

1. X itself is a functorial expression productive in X.

2. If P(Y1,...,Y,) is a functor which is productive in ¥; and F is a functorial
expression productivein X, P(Ey,..., i1, F;, Eyq, ..., E,) is productive in X,
where By, ..., E; 1, Fiyq, ..., E, are functorial expressions which do not contain

X.

A functor P(Yy,...,Y,) is called productive in its ¢-th argument Y; when P is declared
as a right object and its declaration

right object P(Y1,...,Y,) with ¢p is

api: Epi(P,Yy,...,Y,) — Ep (P, ;)
apm Epn(P YA, .. Y,) = B (P YA, .Y,
end object
satisfies
1. P is unconditioned (i.e. P does not appear in Ep,,..., Ep, ),

2. Y, does not appear in Ep;,..., Ep,,,

3. Y; appears only one of Ep,, ..., Fp, , so let us assume that it appears in Ep;
only,

4. Ep; is simply P, and
5. Ep .

; 1s a functorial expression productive in Y.
2,

Therefore, the declaration above may look more like

right object P(Y1,...,Y;, ..., Y,) with ¢p is
OéP,l:EP,l(Pvi/h"'73/2'—17}/2'{—17"'7}/71)_>
EEDJ(}/D"'7}/2'—17}/2'4—17"'71/71)
aP,j:P_>E;{j(}/lv"'v}/i—lv}/iv}/i-l-l?"'7Yn) (P)
OéP,m:EP,m(Pvi/h"'71/2'—17}/2'{—17"'7Yn)_>
Ep (Vi Yiit, Yigr, oo, Vo)
end object
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ap; may be called projection to Y;. ||

The functor ‘prod’ is a typical productive functor. It is productive in its both ar-
guments. The functor ‘exp’ is not productive in any of its arguments. A functorial
expression ‘prod(prod(X,exp(Y, 7)), prod(X,U))’ is productive in U but not in X or
Y or Z.

Definition 4.1.6: A right object R is called computable if its declaration

right object R(X1,..., X,) with ¢g is
aR1: ERJ(R, Xl, ce ,Xn) — E;%,I(R7 Xl, ceey Xn)

(RC)
AR Epm (R, X1, .., X)) = B (R, X1, .0, X))
end object
satisfies that Ery, ..., Er,, are functorial expressions productive in £. We also call a
left object L computable when its declaration is
left object L(Xy,...,X,) with ¢y, is
ar - ELJ(L,Xl, e ,Xn) — L

apm B, (L, Xq,...,X,) = L
end object

The reduction rules we have defined in this section work when all the objects we define
are computable, and all the objects declared in section 3.3 are computable except the
obscure ones in subsection 3.3.8. Obviously, we did not want to have those obscure
objects in our datatype system and the computability constraint gets rid of them. In
other words, the categories which are defined by declaring computable objects cannot
be richer than cartesian closed category with recursive objects. Note that we did not
make the restriction in the beginning. We had the ability to declare a lot of other
objects, but it turned out that in order to be able to discuss the computability in
CDT, the categories should be cartesian closed with recursive objects. This signifies
the importance of cartesian closed categories in computer science yet again (e.g. the
models of typed lambda calculus correspond to cartesian closed categories).

Note that not all the productive objects are computable by the definition 4.1.5, but
from now on we only treat computable objects, so productive objects mean computable
productive objects.

Definition 4.1.7: Let Dy,..., D; be a sequence of CDT declarations defining only
computable objects and let (I') A, U, 0) be the corresponding CSL theory defined by
definition 3.4.3. Then, we can have computation rules for CPL elements over the CSL
signature (I', A, ¥). The computation rules are divided into two: those in the form of

(e,c) =



CHAPTER 4. COMPUTATION AND CATEGORICAL DATA TYPES 91

where ¢ and ¢ are canonical elements and e and ¢ can be composed (i.e. e o ¢ is an
element), and those in the form of

(e, B, R) ~ (Yp(er, ... en),c)

where ¢ and ¢ are canonical elements, R is a right functor name, F is a functorial
expression productive in R and, if ¢ is an element of E’, E should be more general than

E.

1. IDENT
(Lc)=c¢
2. COMP
(eg,¢) = ¢ (e, "y = ¢
(e1 0 €g,¢) = ¢
3. L-NAT
(ap;,¢) = apjoc
4. R-FACT
(Yr(ery... em)sc) = Ypler,...,em)0¢€

5. L-FACT

<€j 0 EL,j[qva(elv ) em)/L]v C> = c

<77Z)L(617 ) em)v ar ;0 C> =
6. R-NAT
<C, ER,jv R> ~ <77Z)R(€17 sy em)v C”>
<E§%,j[¢R(elv R em)/R] 0 €5, CH> =
(apj,c) = ¢
7. R-NAT-V
<77Z)R(€17 tr em) 0 cllv Rv R> ~ <77Z)R(617 tet em)v CH>

8. R-NAT-F

Rc FE; Y. € Ep (éj,¢) = ¢

{c, E%j[Ei/Y]7R> ~ <¢R(€17 ), )
<77/)p(é17...7ém)OC,P(E17... ) >

<77Z)R(617 SRR em')? 77Z)P(é1 0 EP,I[C/P]
¢j—10 Epjac/P],c" éj41 0 EP,]‘+1[C/P]7 ey €m0 Ep e/ Pl))

where the objects L, R and P are defined as (LC), (RC) and (P), respectively, and

R € F; means that R appears in a functorial expression £;. [

We have to show that the rules are well-formed, but we have to show their soundness
at the same time. We will do this in section 4.3 as well as showing that every reduction
terminates (in other words, every element is normalizable by these rules).
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4.2 An Example of using Reduction Rules

In this section, we will see an example computation in CPL using the reduction rules
defined in the previous section. Since computation by hand is very tiresome, we do
only one example, but we will see some more examples of CPL computation done by
a computer in chapter 5.

Let us assume that we have declared the terminal object as in subsection 3.3.1, prod-
ucts as in subsection 3.3.2, exponentials as in subsection 3.3.3 and natural number
object as in subsection 3.3.4. We can write down instances of the reduction rules in
definition 4.1.7 as follows.

(Lc)=c¢ (IDENT)
(eg,¢) = ¢ (e, "y = ¢ (COMP)
(e1 0 eg,¢) = ¢
For the terminal object, we have
(Ley =loec. (R-FACTY)
For products, we have
(pair(ey, €3),c) = pair(ey, e9) 0 ¢, (R-FACT i)
: /! /! /
<C, Rv R> o~ <pa1r(e.1, 62)7 C > <617 c > = ¢ 7 (R_NATpil)
(pil,c) = ¢
and
(pair(eq, €3) o ¢, prod, prod) ~ (pair(eq, ez), ¢). (R-NAT-Vp10a)

If we combine (R-NAT;;) and (R-NAT-V,q4) together, we get a familiar rule

<€1, C> = ,
R-NAT
(pil, pair(es, ez) 0 ¢) = ¢ ( pit)
Similarly, for ‘pi2’, we have
ey, ¢) =
ton o (R-NATY,)

(pi2, pair(ey, ex) 0 ¢) = ¢

For exponentials, as we have seen in the previous section, we have the following two

rules.
(curry(e),c) = curry(e) oc (R-FACT ¢y )
/! : /! /
(e1,¢) = curry(e) o c (e, pair(c’,ep 0¢)) = ¢ (R-NAT., )
(eval,pair(ey, e3) 0 ¢) = ¢
For natural number object, we have
(zero, ¢) = zero o ¢, (L-NAT,e0)

(succ, ¢) = succoc, (L-NAT )
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(e1,¢) = ¢

(pr(ey, eq),zero o ¢) = ¢

(L-FACT,er0)

Y

and .
(eg 0 pr(ey,ez),c) = ¢

(L-FACTsuee)

(pr(ey,eq),succoc) = ¢

Now let us try to calculate ‘1 + 17 in CPL. The addition function is defined in subsec-
tion 3.3.4 as

add = eval o prod(pr(curry(pi2), curry(succ o eval)), I).
It we expand ‘prod’ by ‘pair’, we get
add = eval o pair(pr(curry(pi2), curry(succ o eval)) o pil, pi2).
Therefore, the calculation ‘1 + 17 corresponds to the following reduction.

(eval o pair(pr(curry(pi2), curry(succ o eval)) o pil, pi2), (1)
pair(succ o zero, succ o zero)) = ¢

From (COMP),

(pair(pr(curry(pi2), curry(succ o eval)) o pil, pi2),
pair(succ o zero, succ o zero)) = ¢
(eval,e1) = ¢
(eval o pair(pr(curry(pi2), curry(succ o eval)) o pil, pi2),
pair(succ o zero, succ o zero)) = ¢

From (R-FACT, ), ¢ is
pair(pr(curry(pi2, curry(succ o eval) o pil, pi2) o pair(succ o zero, succ o zero),

so we need to calculate

(eval, pair(pr(curry(pi2, curry(succ o eval) o pil, pi2)o
pair(succ o zero, succ o zero)) = c.

From (R-NAT! ),

(pr(curry(pi2), curry(succ o eval)) o pil,
pair(succ o zero, succ o zero)) = curry(ey) o ¢y
(e1, pair(ez, pi2 o pair(succ o zero, succ o zero))) = ¢ (2)
(eval, pair(pr(curry(pi2, curry(succ o eval) o pil, pi2)o
pair(succ o zero, succ o zero)) = c.

From (COMP),

(pil, pair(succ o zero, succ o zero)) = ¢z
(pr(curry(pi2), curry(succ o eval)), c3) = curry(ey) o ¢y (3)
(pr(curry(pi2), curry(succ o eval)) o pil,
pair(succ o zero, succ o zero)) = curry(ey) o ¢y
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From (R-NAT/,,),

pil

(succ o zero,!) = ¢3

(pil, pair(succ o zero, succ o zero)) = ¢3
and from (L-NAT,eo) and (L-NATguee), €3 s
succ o zero o 1.
Going back to (3), we need to calculate
(pr(curry(pi2), curry(succ o eval)),succ o zero o 1) = curry(e;) o ¢z.
From (L-FACTc0),

(curry(succ o eval) o pr(curry(pi2), curry(succ o eval)),
zero ol) = curry(ey) o ¢

(pr(curry(pi2), curry(succ o eval)),succ o zero o 1) = curry(e;) o ¢,
and from (COMP)

(pr(curry(pi2), curry(succ o eval)),zero o l) = ¢,
{curry(succ o eval), ¢y) = curry(ez) o ¢y

(curry(succ o eval) o pr(curry(pi2),
curry(succ o eval)),zero o) = curry(ey) o ¢y

From (L-FACT,er0),

(curry(pi2),!) = ¢
(pr(curry(pi2), curry(succ o eval)),zero o l) = ¢,

and from (R-FACT .,y ), ¢4 is ‘curry(pi2) o V. Going back to (4), e; is ‘succ o eval” and
¢y is curry(pi2) o . Therefore, going back to (2), we now have to calculate

(succ o eval, pair(curry(pi2) o !, pi2 o pair(succ o zero, succ o zero))) = c.
From (COMP),

(eval,pair(curry(pi2) o !,
pi2 o pair(succ o zero, succ o zero))) = ¢;
(succ,c5) = ¢ (5)
(succ o eval, pair(curry(pi2) o !,
pi2 o pair(succ o zero, succ o zero))) = ¢

From (R-NAT._.)),

eval

(curry(pi2) o I,!1) = curry(es) o ¢g
(€2, pair(cs, pi2 o pair(succ o zero,succ o zero))) = ¢

(eval, pair(curry(pi2) o !, pi2 o pair(succ o zero,succ o zero))) = ¢
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From (R-FACT)) and (R-FACT ), €2 is ‘pi2” and ¢ is ‘1 o!’, so we have

(pi2, pair(! o !, pi2 o pair(succ o zero, succ o zero))) = ¢s
From (R-NAT;,),

(pi2 o pair(succ o zero, succ o zero),!) = c;

(pi2, pair(! o !, pi2 o pair(succ o zero, succ o zero))) = ¢s
From (COMP),

(pair(succ o zero, succ o zero), ) = ¢q
(pi2, cg) = 5
(pi2 o pair(succ o zero, succ o zero),!) = c;

From (R-FACT, ), ¢6 is
pair(succ o zero, succ o zero) o !,

so we have
(pi2, pair(succ o zero, succ o zero) o 1) = ¢;

and (R-NAT/,,)

pi2

(succ o zero,!) = ¢5

(pi2, pair(succ o zero, succ o zero) o 1) = ¢;
By using (L-NAT,e0) and (IL-NATguec), ¢5 is
succ o zero o 1.
Now, we go back to (5) and we need to calculate
(succ,succozeroo!l) = ¢,

but this is straightforward from (L-NATg,e) and ¢ is

S1CC O $1CC O ZeTo o |,
Therefore, the reduction (1) is

(eval o pair(pr(curry(pi2), curry(succ o eval)) o pil, pi2),

pair(succ o zero, succ 0 zero)) = succ o succ o zero o !

that is, we have shown ‘1 +17is ‘2" in CPL.

95
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4.3 Well-Definedness and Normalization Theorem
for Reduction Rules

In section 4.1, we discussed what is computation in CPL and obtained a set of reduction
rules (definition 4.1.7). Usual questions to be asked when we get reduction rules are,
firstly, whether they are well-defined or not and, secondly, whether they are normalizing
or not. In this section, we will answer both questions affirmatively.

Let us assume in this section that we are working in a CSL theory (I', A, ¥, ©) which is
obtained by a sequence of CDT declarations, Dy,..., D, each of which is a computable
object declaration.

First, we prove the well-definedness of the reduction rules.

Theorem 4.3.1: Well-Definedness Theorem: Let eo ¢ be an element in (I', A, U)
and ¢ be a canonical element. If from the rules listed in definition 4.1.7 we deduce

(e,c) = ¢,

then ¢ is a canonical element and eoc = ¢ holds in (I'; A, ¥, ©) (or in any CSL theory
structure of this).

Proof: We prove at the same time that for a canonical element ¢, a right functor R,
a functorial expression F productive in R which is more general than the type of ¢, if
the rules in definition 4.1.7 deduce

(e, B, ) ~ (e, ),

then eis vp(eq, ..., e,) forsomeey,. .., e,, ¢ is a canonical element and ¢ = E[y(eq, ..., e,)/R]o

¢ holds in (I', A, ¥, ©).

The proof is done by mathematical induction on the length of reduction, so all we have
to do is to check each reduction rule.

1. IDENT
(Lc)=c¢

It is trivial from Lo e = c.

2. COMP
(eg,¢) = ¢ (e, "y = ¢

(e10€e3,¢) = ¢

From the induction hypothesis ¢’ is canonical and ¢/ = e¢;0¢” = ¢, 0ey0c.

3. L-NAT
(ap;,¢) = apjoc
It is trivial since ap j 0 ¢ is a canonical element.
4. R-FACT
(Yr(ery... em)sc) = Ypler,...,em)0¢€

It is again trivial since ¢g(e€q, ..., €,) 0 ¢ is a canonical element.
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5. L-FACT
(ejo By j[tr(er,...,eqn)/L],c) = ¢

(Yr(er,....en),ap;0¢) = ¢

If g j o ¢ is canonical, ¢ is canonical, and from (LEQ;)

e; 0 Bp [tr(er,. .. em)/Lloc=1r(er,...,em)0ar;oc.

Therefore, the premise of the rule is well-formed, so from the induction hypothesis
¢’ is canonical, and

d=e;joEp;[dr(er,....,en)/Lloc=1vp(er,...,en)0ar;oc.

6. R-NAT
<07 ER,jv R> ~> <¢R(€17 e em)7 c//>
<E§%][¢R(el, ceey em)/R] o 6]‘, c//> - cl
<aR,j7 C> = C/

Since ag; can be composed with ¢ and ag; has the type Er; — Ej;, cis an
element of a functorial expression not more general than Ep ;. From the induction
hypothesis, ¢ is a canonical element and

Er;lYr(er, ... en)/Rloc = ¢

Therefore,
QR ocC
= ap; o Ep;ltr(er,....en)/Rlod" oo (from (REQ;))
= Ep;lrler, ... em)/Rloejod" oo o (from hypothesis)
G (from hypothesis)
7. R-NAT-V

(Yr(er,...,em) o0 Ry R) ~ (Yr(er, ... en), ")

R is a variable, so it is more general than anything, so the rule is well-formed.

Since Yg(ey, ..., €,) 0" is a canonical element, so is ¢”.
8. R-NAT-F
Re Lk, Y. € Ep (éj,¢) = ¢
<c/7 Ejjj[Ei/Y]v R> ~ <¢R(617 ) em/), CH>
<77/)p(é17...7ém)OC,P(E17... ) >

<77Z)R(617 SRR em’)v 77Z)P(é1 © EP,I[C/P]
é]—l 0 EP7]‘_1[C/P],C”, éj+1 0 EPJ-H[C/P]? SR ém 0 EP,m[C/P]»

Yp(é1,...) 0 ¢ = Yp(é 0 Epy[e/P],...) and from the typing rule of ¥p, €, o
Ep;lc/P] = éjocis an element of a functorial expression which is not more general
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than Ep;[F1/Y1,...] which is not more general than Ep [F;/Y;]. Therefore, the

premises of the rule are well-formed and

é]' o] EPJ[C/P]
€] 0 € e (Ep,; is simply P)
= (from (é;,¢) = )
= Ep [Ei/Y][Wr(er,...)/Rloc”. ... ... (from (¢, Ep [/ Y], R) ~ ...)
Therefore,

P(Ey,..)[Yr(er,...)/Rlo¥p(éio Epi[c/P],...,c" ...)
= Yplapy,..., Lp;[E:i/Yi|[Yr(er,...)/R],...)
otp(éy 0 Epyle/P],....c¢" ...) oo (expand P)
=p(é10 Epyle/Pl,.... Ep[Ei/YillYr(er,...)/Rloc", ...
........................... (from 4.1.4 and (REQ,))

=p(éy0 Ep1lc/Pl,...,¢éj0 Ep;[c/P],...) ... ... ... (from above)
=P (€1, e ey €m) O G e e (from 4.1.4)
Of course, ¥p(é1 0 Ep1[c/P],...,",...) is a canonical element.

We have proved the theorem as well as shown the well-formedness of the reduction
rules. ||

Next, we prove the normalization, that is to prove the following theorem.

Theorem 4.3.2: Normalization Theorem: For a canonical element ¢ and a CSL
expression e whose domain is compatible with the codomain of ¢ (i.e. we can have eo ¢
as an element), there is a canonical element ¢’ such that

(e,c) =
by the rules listed in definition 4.1.7. []

Before proving this theorem, we need some preparation. Note that the theorem proves
the two things together: the existence of ¢ and the reducibility of (e, ¢} = . Therefore,
from the existence part, we will have the following corollary.

Corollary 4.3.3: For any element e in (I', A, ¥), there is a canonical element ¢ such

that e = ¢ holds in (I', A, ¥, ©). |

Showing the reducibility can be regarded as showing the termination of computation
in CPL. So, every program terminates in CPL. This is what we expected because we
only use primitive recursions.

First, we show a property of canonical elements.

Proposition 4.3.4: A canonical element of R(F1y,..., F,) for a right object R defined
by (RC) has the following form.

Yr(er,...,en)0c
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where ¢ is another canonical element.
On the other hand, a canonical element of L(Fy, ..., F,) for a left object L defined by
(LC) has the following form.

ar.;0cC

where ¢ is another canonical element.
Proof: A canonical element only consists of natural transformations of left objects
and factorizers of right objects. Therefore, a canonical element should look like either

apjoc or Yr(er, ... e,)0c.

From the typing rules in section 2.4, the first one always gives an element of L(Fy, ..., F,)
and the second one gives an element of R(FE4,..., E,). |

From this proposition, we can see that whenever we have
{e,¢) or (¢, B, R)

we can always apply exactly one of the rules in definition 4.1.7. In other words, the
computation in CPL is never stuck and deterministic. We can always proceed to the
next computation step.

We are going to prove the normalization theorem by the computability method due to
Tait [Tait 67]. This method is often used to show normalization of various systems
especially that of lambda calculi (see, for example, [Stenlund 72] and [Lambek and
Scott 86]) where two kinds of induction are used: induction on types and induction on
structures. The method usually goes for lambda calculi as follows:

1. Define the notion of computable terms inductively on types.

2. Show that any computable term is normalizable.

3. Show that all the terms are computable by induction on terms.
4. Therefore, any term is normalizable.

The notion of computable terms is stronger than that of normalizable terms, but we
need this stronger notion (which is a part of the essence of the Tait computability
method) to carry out the normalization proof. The computability predicate also divide
the two inductions involved in the proof clearly. In our case, the normalization proof
goes as follows.

1. We define the notion of computable canonical elements inductively on types. In-
tuitively, a canonical element ¢ is computable if
(a) ar ocis computable if ¢ is computable.
(b) ¥r(e)ocis computable if there is a reduction (ag,¥r(e)oc) = ¢ such that

¢’ is computable, that is all the components of ¢g(e) o ¢ are computable.
2. We define the notion of calculability for expressions (we could have called it

computability as well as is conventional in proofs about lambda calculi, but we
distinguish them for clarity). An expression e is calculable if for any computable
canonical element ¢ there is a reduction (e, ¢) = ¢ such that ¢ is computable.
Note that an expression e is normalizable if for any canonical element e there
is a reduction (e,c) = ¢, whereas e is calculable if there is a reduction for any
computable canonical element. Therefore, it should be easier to prove that an
expression is calculable than to prove it is normalizable.
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3. We will prove that all the expressions are calculable by structural induction.
4. As an easy corollary, we can show that any canonical element is computable.
5. Finally, we prove that all the reductions are normalizing.

First, let us assign for each n-ary functor F' a function which given sets Cy...,C,
of canonical elements of type E;,..., F, gives a set of canonical elements (' of type
F(E,, ..., E,). We write F for the function (i.e. C'= F(Cy,...,C,)). I is monotonic
in the ith argument if /' is covariant in the ith argument, and I is anti-monotonic in
the ¢th argument if F'is contravariant in the ith argument.

Definition 4.3.5: 1. For a left object?

left object L(X) with ¢, is
OéLiEL(L,X) — L
end object,

INJ(C) is the minimal fixed point of the following monotonic function:
S——{agoc| ce EL(S,0)}

The minimal fixed point can be calculated as the least upper bound of the fol-
lowing ascending chain:

Lo(C) CLy(C) € -+ C Ly(C) C Lyt (C) € -+ C Lo(C) C -

where INJO(C) is § and

Loyt (C) = {agoc | c€ Er(Ls(C),0) }.

2. For a right object
right object R(X) with g is
ar: R — EL(R, X)
end object,

];’(C) is the maximal fixed point of the following monotonic function:
S+ {r(e)oc | {ar,¥r(e)oc) = ¢ such that ¢ € EyL(S,C) }

The maximal fixed point can be calculated as the greatest lower bound of the
following descending chain:

Ro(CYD Ri(C) D+  DR(C)D Ry (C) D -+ D R(C) D -+

where ];30(0) is the set of all the canonical elements of R(F) (where C' is a set of
canonical elements of type F) and

Ran(C)E {wm(e) oc | o
(ap,¥r(e)oc) = ¢ such that ¢ € EL(Rs(C),C) }.

?For simplicity, we define this for a simple left object, but the general case should be obvious.
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3. For a right object?

right object R'(X) with ¢ is
ap:prod(R, Fr(X)) — ERp(R', X)
end object,

];”(C) is the maximal fixed point of the following monotonic function:

S+—— {Yr(e)oc | Foranyd € ER/N(C) (apr, pair(Ypi(e)oc, ) =
such that ¢’ € Fyp.(5,C) }

We can similarly define fx”ﬁ(C ).

Well-definedness: We have to show that F' is monotonic or anti-monotonic according
to the variance of F'. We prove this by induction on the order of declaration of objects.

L. If F' is the left object L above and covariant, we show that fjg is monotonic by
induction on . Lg is trivially monotonic. Lg1(C') is

{apoc | ce E(Ls(C),C) Y.

From the induction hypothesis fjg is monotonic. Since Er(L, X) is covariant in
both L and X, from the other induction hypothesis E} is monotonic. Therefore,
EL([NJQ(C), (') is monotonic in €', and EBH is monotonic. Hence, L is monotonic.
Similarly, we can show that L is anti-monotonic if L is contravariant.

2. It F'is the right object R above and covariant, we show that Rﬁ is monotonic by
induction on 8. Ry is trivially monotonic. Rﬁ_H(C) 18

{r(e)oc | {anvn(e)oc) = N € Ep(Rs(C),C) .

From the induction hypothesis, Rﬁ is monotonic, and from the other induction
hypothesis, ER is monotonic in both arguments. Therefore, Rﬁ+1 is monotonic,
and by induction R is monotonic. We can similarly show that R is anti-monotonic
if R is contravariant.

3. If F'is the right object R’ above and covariant, we show that fx”ﬁ is monotonic

by induction on 3. R} is trivially monotonic. fx”ﬁ_l_l(C) is

{Yp(e)oc | Ve € Ep(C) (ap, pair(vr(e) o ¢, ) :>Nc" /\N
&€ By(RH(C),0) ).

From the induction hypothesis, N’ﬁ is monotonic, and from the other induction hy-

pothesis, Eps is anti-monotonic and E}, is monotonic in both arguments. There-
fore, RB-H is monotonic, and by induction R’ is monotonic. We can similarly

show that R’ is anti-monotonic if R’ is contravariant. ||

3For a right object R, since the domain of ag: Fr(R,X) — ER(R,X) needs to be productive in R,
there are basically these two cases: when Er(R,X) is R and when it is prod(R, E(X)).
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We now define the notion of computability and calculability.

Definition 4.3.6: The set Qpg, .. g, of computable canonical elements of type F(FEy,...

is defined inductively by F(Qpg,, ..., 08, ). |

Definition 4.3.7: An CSL expression ¢ of type £/ — FE’is called calculable with respect
to C — ' for C C Qg and ¢ C Qp if for any ¢ in C there is a reduction (e,c) = ¢
such that ¢ is in C’. When e is calculable with respect to Qg — Qpg/, we simply say
that e is calculable. ||

Example 4.3.8: 1. For the terminal object ‘1’

right object 1 with !
end object,

since there is no natural transformation, any canonical element is computable.
Let us use x to denote an arbitrary element of 1.

2. For the left object ‘nat’ of natural numbers

left object nat with pr is
zero: 1 — nat
succ:nat — nat

end object,

I'T?a/tois @ r:z?ul iS
{zerooe, succod | c€ 1A €naty } = { zeroox }.

Similarly nat, consists of zero o and succ o zero o . In general, nat,, is the set
of n elements corresponding to a set of 0, 1, 2, ..., and n — 1. Therefore, nat is
the set of all the canonical elements of nat.

3. For the right object ‘prod’ of products

right object prod(X,Y") with pair is
pil:prod — X
pi2:prod — Y

end object,

a canonical element pair(ey, €2) o ¢ is computable if there are reductions
(pil, pair(es,e2) 0 ¢) = ¢ and (pi2, pair(er, e2) 0 ¢) = ¢

such that ¢; and ¢; are computable, that is a canonical element of prod is com-
putable if its components are computable. Since the reductions above are equiv-
alent to {(ey,¢) = ¢ and (ey3,¢) = ¢y, if ¢ is computable and e; and ey are
calculable, pair(ey, e3) o ¢ is computable.
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4. For the right object ‘exp’ of exponentials

right object exp(X,Y") with curry is
eval: prod(exp, X) — YV
end object,

a canonical element curry(e) o ¢ of type exp(FE, E’') is computable, if for any
computable canonical element ¢’ of type £’ there is a reduction

(eval, pair(curry(e) o ¢, c)) = "

and ¢’ is computable. The reduction is equivalent to (e, pair(c,c’)) = ¢”. Since
pair(c, ') is computable, there is such a reduction if e is calculable. Remember
that curry(e) corresponds to the closure of e (or lambda closed term of ¢) so that
we can say that a closure is calculable if the application with canonical elements
always results canonical elements. This exactly corresponds to the definition of
computability for lambda expressions (see [Stenlund 72]).

5. For the right object ‘inflist” of infinite lists

right object inflist(X') with fold is
head: inflist — X
tail: inflist — inflist

end object,

let us figure out the computable canonical elements of type inflist(nat). inﬁsto(ﬂnat)
is the set of all the canonical elements of type inflist(nat). inflisty(Qpat) is

{ fold(ey,ez) o ¢ | (head,fold(ey,ex) 0¢) = 1 Aey € Qpag A
(tail, fold(ey, e5) 0 ¢) = 3 A ¢y € inflisto(Qnae) }
= { fold(ey,ez) 0¢c | (e1,¢) = ¢; A {fold(eq, e3) 0 €q,¢) = ¢, }.

Therefore, if e¢; and ey are calculable and ¢ is computable, fold(ey,e;) o ¢ is
in inflist (Qpat). We can inductively show that it is in any inflistg(Quat), and,
therefore, it is in inflist(Qya).

6. For the left object of ordinals

left object ord with pro is
ozero: 1 — ord
sup: exp(nat,ord) — ord
end object,

ordg is empty, ord, is { ozero o x }, and
ord,
= {supoc, ozeroox | ¢ € &f)(r?a/t,(;;h) }
= { sup o curry(e) o ¢, ozero o | V¢ € nat (e, pair(c, ¢')) = ¢’ A
C” = (;’?11 }

= { sup o curry(e) o ¢, ozero o x ¢ € fya (e, pair(c, ¢ )) = ozero o * {.
Ve e Q i !
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In general,

&HBH = { sup o curry(e) o ¢, ozero o x |

Ve € Quu (e, pair(c,d)) = A € &715 }

Therefore, a canonical element sup o curry(e) o ¢ is computable if the following
reductions always exist:

e, pair(c,¢y)) = sup o curry(eg) o ¢
i 1
(e, pair(c), c)) = sup o curry(ey) o ¢
(€, pair(cy, c3)) = sup o curry(es) o ¢y

{ep, pair(cj, cay1)) = ozero o x I

The next proposition intuitively means that functors preserve the structure of data.
For example, when the functor ‘list’ (or map in ML and MAPCAR in LISP) is applied to
a list, it only changes the components of the list and preserves the length.

Proposition 4.3.9: Let F' be n-ary functor, and eq,...,¢, be CSL expressions cal-
culable with respect to C; — C!. Then F(ey,...,e,) is calculable with respect to
F(Cr,...,C" = F(Cr, ..., C"), where OV is C; and C?" is C! if F' is covariant in the
ith argument and C” is C? and C?" is C; if F' is contravariant in the ith argument.
Proof: We prove this by induction on the order of declarations of objects.

1. Let F' be a left object declared by

left object L(X) with ¢y, is
OéLiEL(L,X) — L
end object

which is covariant in X, e be a CSL expression which is calculable with respect
to C' — C’. We prove that L(e) is calculable with respect to [Njﬁ(C) — EB(C’)
by induction on . Trivially, L(e) is calculable with respect to INJO(C) — INJO(C)
because INJO(C) is empty. Assume we have proved that L(e) is calculable with
respect to zﬁ(C) — [Njﬁ(C’). An element of zﬁ_H(C) is ay, o ¢ such that ¢ €
Er(Ls(C),C). From L-FACT we get

(ap o Ep(Le) o Er(L(e),I),¢) = ¢
(ap o Er(Le)o Ep(vp(apo Er(Lc)),I),¢) = ¢
(Yr(ap o Er(1e)),ar0c) = ¢
(L(e),ar0¢c) = apod

Since Er(L, X) consists of functors declared before L, from the induction hypoth-
esis, I'r,(L(e), 1) is calculable with respect to I/, (Lg(C'), (') — FEr(Ls(C'),C) and
FEr(Ie) is calculable with respect to Er(Ls(C"),C) — Er(Lg(C"),C"). There-

fore, there is a reduction

(Er(Ie)o EL(L(e),I),c) = ¢
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such that ¢ is in EL([NJB(C) C"). From definition 4.3.5, ay o ¢’ is in EQH(C’).
Hence, L(e) is calculable with respect to Lﬁ_H(C) — fjﬁ_H(C’). By induction,
L(e) is calculable with respect to Lﬁ(C) — Lﬁ(C ) for any (3, and, therefore, L(e)
is calculable with respect to L(C) — L(C’) When L(X) is contravariant, we can
similarly prove that L(e) is calculable with respect to E(C’) — INJ(C)

2. Let F' be a right object declared by

right object R(X) with g is
ar: R — ER(R, X)
end object

which is covariant, and e be a CSL expression which is calculable with respect to
C — C'. We prove that R(e) is calculable with respect to Rs(C') — Rz(C’) by
induction on 3. From R-FACT, we have

(R(e),c) = Yr(Fr(Ie)oag)o

Trivially, R(e) is calculable with respect to ];’0(0) — fx’o(C’) because fx’o(C’) is
the set of all the canonical elements of R. Assume we have proved that R(e) is
calculable with respect to ];’5(0) — fx’ﬁ(C’). An element of ];’5+1(C) is Yp(e)od
such that there is a reduction (ag,¥r(e’) o) = ¢’ and ¢’ is in E}Q(EQ(C),C).
We will show that the following canonical element is in ];’5+1(C’):

Vr(ER(Ie) o agr)otr(e)od (%)
From R-NAT, we have

(ER(R(e), 1) o En(Le), ") = ¢

<E ( ( )71) E; (I 6) o O‘RMZ)R( ) > =

< (¢R( ( ) ) I) ) (I 6) o O‘RMZ)R( )O C/> —
{ ( )

ar, Yr(E; ( ,€ OOzR) (e’) > =

0
aR),

Since ER(R,X) consists of functors declared before R, ER(R(e),I)o ER(1,e) is
calculable with respect to Ef(R3(C),C) — ER(Rs(C"),C") from the induction
hypothesis. Therefore, ¢ is in EE(EQ(C’), ("), and from definition 4.3.5, () is
in RB-I—I(C) Therefore, by induction, R(e) is calculable with respect to ];’5(0) —
RB(C’) for any f3, so it is calculable Wlth respect to R(C') — R(C"). When R(X)

is contravariant, we can similarly prove that R(e) is calculable with respect to

R(C") — 1%(0).
3. If F' be a right object declared by

right object R'(X) with ¢ p is
ap:prod(R', Er(X)) — ER(R, X)
end object,

we can similarly prove that R(e) is calculable with respect to R(C) — R(C") (or
with respect to R(C') — R(C') when R(X) is contravariant). []
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In the following few lemmas, we are to prove all the expressions are calculable.

Lemma 4.3.10: I is calculable.
Proof: We have to show that for any computable canonical element ¢ there is a
reduction of (I, ¢) = ¢ and that ¢’ is computable. This is immediate from the reduction

rule IDENT and that ¢ is ¢ |

Lemma 4.3.11: If both ¢; and e, are calculable, so is ¢; o e;.
Proof: For any computable canonical element ¢’ we have the following reduction from

COMP:
(e2,¢) = " (e1, "y = ¢

(e1 0 €3,¢) = ¢

Since ey is calculable, there is a reduction for (ez,¢) = ¢’ so that ¢’ is computable.
Since ey is calculable, there is a reduction for (ey,¢”) = ¢ so that ¢ is computable.
Therefore, there is a reduction for (e, o ey, ¢) = ¢’ so that ¢ is computable. [

Lemma 4.3.12: For any natural transformation «ay, of a left object L, a, is calculable.
Proof: For any computable canonical element ¢, we have the following reduction by

L-NAT:

(ap,e) = apoc

From definition 4.3.6, ay, o ¢ is computable. Therefore, ay, is calculable. ]

Lemma 4.3.13: For any natural transformation apr of a right object R, ap is calcu-
lable.
Proof: Let R be
right object R(X) with g is
ar: R — EL(R, X)
end object,

and ¢ be a computable canonical element R(FE). For any /3, ¢ is in ]E)B—HN(QE)- From
definition 4.3.5, there exists a reduction (ag, ¢) = ¢ such that ¢ is in FR(Rs(Qg), Qg).
Because the result of reductions does not depend on 3, ¢’ is in

ER(( Rs(Qr), Q) = ER(R(QE), Q) = Qui (rp).5)-
5

Therefore, ap is calculable. We can similarly prove that for a right object

right object R'(X) with ¢ p is
agp:prod(R', Er(X)) — ER (R, X)
end object,

aps is calculable. [

Lemma 4.3.14: If e is calculable, so is ¢p(e) where L is a left object and ¢, is its
factorizer.
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Proof: Let L be
left object L(X) with ¢, is

OéLiEL(L,X) — L
end object,

and e: Fr(E,E') — E be a calculable CSL expression. We will prove that ¢y (e) is
calculable with respect to LB(QE') — {1 by induction on 3. Trivially, it is calculable
with respect to LO(QE/) — O because LO(QE/) is empty. Assume we have proved that

Yr(e) is calculable with respect to LB(QE/) — Qg. An element in Lg.H(QE/) is af, oc¢
for ¢ which is in EL(LB(QE/) Qpr). From L-FACT, we get

(Er(vr(e),I),e) = (e, = ¢
(eo Er(vp(e),I),c) = ¢

(¢r(e),apoc)=¢

From proposition 4.3.9 and the induction hypothesis, Fr (¢ (¢e),I) is calculable with re-
spect to EL(EB(QE/), Qp) — EL(QE, Qpi), and there is a reduction (E7 (¢ (e),I),¢) =
¢”. Since e is calculable, there is a reduction (e, ¢) = ¢’ such that ¢ is in Qg. Therefore,
Yr(e) is calculable Wlth respect to Lg.H(QE/) — Qp, and by induction it is Calculable
with respect to LB(QE/) — Qp for any 3. Because Qg = L(QE/) is Ug LQ(QE/),
have proved that vy (e) is calculable. |

Lemma 4.3.15: If e is calculable, so is t)g(e) where R is a right object and g is its
factorizer.

Proof: Let R be
right object R(X) with g is
ap: R — ER(R, X)
end object,

and e be a CSL expression of type F — ER(E, E'). We are to prove that ¢r(e): £ —
R(E') is calculable. Since Qpgy = ]%(QE/) is N EQ(QE/), we prove that ppr(e) is
calculable with respect to Q1 — f%g(QE/) by induction on f. Trivially, it is calculable
with respect to Qg — fx’o(QE/) because for any ¢ € Qg we have (Yr(e),c) = r(e)oc
and fx)o(QE/) is the set of all the canonical elements of type R(FE’). Assume we have

proved that ¥g(e) is calculable with respect to Qp — fx’g(QE/). For any ¢ € Qp we
have (¢r(€e), c) = ¥gr(e)oc. From R-NAT, we get

(e,c) = ¢ (ER(vgr(e), I),d") = ¢
{ar,¥r(e)oc) = ¢

Since e is calculable, there is a reduction (e,c¢) = ¢’ and ¢” is in E}Q(QE,QE/). As
we assumed that ¢r(e) is calculable with respect to Qp — EB(QE/), Er(r(e),I) is
calculable with respect to Ep(Qp, Qp) — EE(EQ(QE/),QE/) from proposition 4.3.9.
Therefore, there is a reduction (Fx(¢r(e),I)¢") = ¢ and ¢ is in E}%(I%B(QE/),QE/).
From deﬁmtlon 4.3.5, ¢pr(e) ocis in ];’5+1(QE/) so ¥p(e) is calculable with Tespect
to Qp — RB-H(QE’) and by induction it is calculable with respect to Q5 — RB(QE/)
for any 3. Therefore, it is calculable with respect to Qg — R(QE/) We can similarly
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prove that for a right object

right object R'(X) with ¢ p is
agp:prod(R', Er(X)) — ER (R, X)
end object,

Yri(e) is calculable. |

Theorem 4.3.16: Any CSL expression e is calculable.
Proof: This is proved by structural induction and each case follows from the lemmas,

4.3.10, 4.3.11, 4.3.12, 4.3.13, 4.3.14 and 4.3.15. ||

Corollary 4.3.17: Any canonical element is computable.

Proof: As a canonical element ¢ is a CSL expression, and therefore, from theo-
rem 4.3.16 it is calculable. Because any canonical element of the terminal object 1
is computable, specially I is computable. Therefore, there is a reduction (¢,I) = ¢

such that ¢ is computable. Trivially, ¢’ is ¢ (using L-NAT, R-FACT and COMP), so ¢

is computable. |

We now finish this section by proving the normalization theorem.

Proof of Normalization 4.3.2: From theorem 4.3.16, any expression e is calculable,
and from corollary 4.3.17, any canonical element is computable. Therefore, from the
definition 4.3.7 of calculable expressions, there is a reduction (e, ¢) = ¢. |

4.4 Properties of Computable Objects

In section 4.1, we saw that we have to restrict ourselves to computable objects (defini-
tion 4.1.6) in order to introduce our notion of computability into CDT. Let us see in
this section some of the properties which these particular objects enjoy.

First, we show that computable left objects are fixed points of some domain equations.

Theorem 4.4.1: Let L be a computable left object declared as follows.

left object L(Xy,...,X,) with ¢, is
ar - ELJ(L,Xl, e ,Xn) — L

apm: Epm(L, X1,...,X,) — L
end object

Then, the following isomorphism holds in any CSL structure which has L and coprod-
ucts.

L(X1y o X)) 23 By (WX X)) Xy X))
7=1
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where 3770, is the m-ary coproduct. Furthermore, if A is an object which satisfies
A2 FELi(A Xy, .., X,),
=1

there is a unique morphism h from L( Xy, ..., X, ) to A such that the following diagram
commutes.

ZEL,j(L(le"'7Xn)7X17"'7Xn) - L(Xl,. ,Xn)
/ | |
m | |
ZEL,j(thlv"'vXn) | a | h
i=1 | |
ZELJ(Alev"-vXn) A

~

Proof: For simplicity, we prove the isomorphism in case L does not have any param-
eters (i.e. n = 0). Therefore, the isomorphism we prove is

L=> Er (L)
7=1

Let f be a morphism
[OéLJ, ceey OéL7m]

where [, ..., ] is the factorizer of }-"_,. f is a morphism from >°7, Fp ;(L) to L. Let
g be a morphism

77Z)L(1/1 o EL,l(f)v e Uy O EL,m(f))
where v; is the j-th injection of 3°7 ;. ¢ is a morphism from L to 7., Er ;(L). We
show that f is the inverse of ¢. Let us first show that fog =1.

fogoar,
= fov; o B i(f)oELi(g) e (from (LEQ;))
= ag;o Eyi(f)o Ep;g)
=g 0 B ([ 0g) (KL (L) is covariant)

From (LCEQ),
fog=vrlaps,...,arn) =L
The second equality holds again from (LCEQ). Next we show that g o f = 1.
golf
=[goari,....,g0ap,]
=[moFri(fog),....vmo Ern(fog)
=[rnoEpi(I),... v, 0 Ep,,(I)]

[Vlv ]

=1
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Therefore, L = 377, g, j(L). For any object A which satisfies A = Y77 Fp, ;(A), let
¢ be the isomorphism from }27_; Fp ;(A) to A, then the unique morphism is given by

Yr(tovy,. ..., 00 vy,).
It is easy to see the diagram commutes from (LEQ);) and the uniqueness from (LCEQ). [

It we apply this theorem to the objects we defined in chapter 3, we get the following
isomorphisms.

nat &2 1 4+ nat

list(X) 2 1 + prod(X, list(X))

We can see the exact correspondence to domain theory. In domain theory, the domain
of natural numbers and that of lists are defined as the minimal domains which satisfies
the above isomorphisms.

By duality principle, we have the dual theorem of theorem 4.4.1.
Theorem 4.4.2: Let R be a computable right object declared as follows.

right object R(X1,...,X,) with ¢g is
ary:iR— B (R, Xy, ..., X,)

Qrm: R — FEp, (R, Xq,...,X,)
end object

Then, the following isomorphism holds in any CSL structure which has R and products.
R(Xy,..., X %HERJ (X1, X0), Xy oo, X))
where J[7_, is the m-ary product. Furthermore, if A is an object which satisfies

A = HE (A, X1, ..., X)),

there is a unique morphism h from A to R( Xy, ..., X,) such that the following diagram
commutes.

12

HE (A, X1,....X,)
|

H Epi(h, X1, X5)

|
'
e

T B (R(X1, ... X)), Xo o Xy
=1

Proof: By duality. []
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We can see that the infinite list defined in subsection 3.3.6 is the maximal fixed point
of the following domain equation.

inflist(X) = X x inflist(.X)

The next theorem states that productive objects define products.

Theorem 4.4.3: Let P(Y},...,Y,) be afunctor which is productive in ¥;. Then, there
is a functor F(Y1,...,Yi_1, Yiy1,...,Y,) such that

P(}/h'"vyn)g}/zXF(Ev"'vK—17K+17"'7Yn)

Proof: First, note that it is easy to extend the theorem to productive functorial
expressions by simply applying the theorem repeatedly. Let us prove the theorem by
induction on the order of declaration of productive objects. Let the declaration of P
to be as follows.

right object P(Yy,...,Y;, ..., Y,) with ¢p is
OéP,l:EP,l(Pvi/l? .. '7}/2'—17}/2'{—17 e 7Yn) - EEDJ(}/D .. '71/2'—17}/2'{—17 .. 7Yn)

ap;i P — Ep;(Yi,..., Y, Y, Y, ..., Y0)

apm: Bpm (P Y1, o Y, Yo, oo, V) = Bp, (Yi, .o Yo, Yig, .o, Yy)
end object

By induction hypothesis and from what we note at the beginning of the proof, there is
a functor F'(Yy,...,Y,_1,Yiyq,...,Y,) such that

B (Yiy e Vo) 2 Y x F'(Ye, oo, Yi, Y, o, Vo),

Since P is a computable object as well, Ep (P, Y1, ....Y;_1,Yiyq,...,Y,) is productive
in P. Therefore, from induction hypothesis there are functors

Gr(Yi, .., Y, Y, ..., Y,)
such that
Epp(P Y1, ....Yic1, Yigr, ... Y) 2 P xGr(Ya,..., Yo, Yigr, ... V).
Using exponentials, the above definition of P is essentially the same as

right object P(Y1,...,Y;, ..., Y,) with ¢p is
apy: P — exp(Gi(Y1,...,Yio1, Yigr, .., Ya),
EED,I(}/D s 7K—17K+17 e 7Yn))

aP,j:PHKXF/(}/lv" 7}/2 lvi/z—l—lv 7Yn)
OéP,m3P—>eXP(G (1/17 7}/2 17K+17-"7Yn)7

Ep (Y1, Y, Yo, Y,)
end object
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From theorem 4.4.2, we have

P(Yi,...,Y,) 2Yix F'(Vi,...) x [] exp(G(Ya,...), Bpp(Yi,..)).
k=1
k#j)

FI(Yy, . ) xITr exp(Gr(Yi, .. .), Ep (Y1, ...)) does not depend on Y;. We have proved
k#j '
the theorem. ||

From this theorem, we can always make the declaration of computable objects into
an equivalent declaration to which we can apply theorem 4.4.2. For example, the
declaration of the object for automata in subsection 3.3.7 was
right object dyn’(7, O) with univ’ is
next’: prod(dyn’, I) — dyn’
output’: dyn’ — O
end object

to which we cannot apply theorem 4.4.2, but the above declaration is equivalent to the
following one.
right object dyn’(7, O) with univ’ is
next’: dyn” — exp(I,dyn’)
output’: dyn’ — O
end object

Then, from theorem 4.4.2 we can see dyn'(/,0) as the maximal fixed point of the
following domain equation.

dyn’(1,0) Z exp(I,dyn’(1,0)) x O

4.5 Reduction Rules for Full Evaluation

In section 4.1 we presented a set of reduction rules which can reduce any element to a
canonical element. However, the notion of canonical element (definition 4.1.3) was quite
weak (or sloppy), and the canonical elements we get out of reductions sometimes not
acceptable as ‘canonical’. We can define a more refined notion of canonical elements.

Definition 4.5.1: A canonical element is called uncondition, if it is generated by the
following rule.

pri=Tlan;0p | Yalcn. rem)0p | Pelorcn. spin.. )
where R is not a unconditioned right object, (' is a unconditioned object

right object C'(X1, ..., X,) with ¢¢ is
Qg ECJ(C7 X17 s 7Xn) - E/C,j(le ce 7Xn)
acp: C — B (X, X))

end object
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and if Fei(C,Xq,...,X,) is simply C then the kth argument of ¢¢ needs to be a
unconditioned canonical element. ]

For example,
pair(succ,I) o zero and pair(pil o pair(succ o zero, nil), zero)

are canonical elements but not unconditioned. Their equivalent unconditioned canon-
ical element is ‘pair(succ o zero, zero)’.

We can define reduction rules which only produce unconditioned canonical elements as
result.

Definition 4.5.2: The form of reduction rules is

(e,p) ==

where e is a CSL expression and p is a unconditioned canonical element whose domain
is compatible with the domain of e.

1. FULL-IDENT
(Lp) ==»p

9. FULL-COMP ., } /
(e2,p) == p (e1,p") == p

(e10€g,p) == p'

3. FULL-L-NAT
(arj,p) => ar;op

4. FULL-R-FACT
<77Z)R(€1, cee em),p> == ¢R(€1, ceey em) op
where R is not a unconditioned right object.

5. FULL-C-FACT

(ej,p) == ¢ or ¢ =e¢jolbg;p/C]
<77Z)C(617 .- '7em)7p> = 77Z)C’(e/17 .- '76%)

where (' is a unconditioned right object and ¢ is either the result of evaluating
(ej,p) or € 0 Ec ;[p/C] depending of whether E¢ ; is simply C or not.

6. FULL-L-FACT

{ejo B j[Yr(er, - en)/L],p) == p
<77Z)L(€17 e em),OéLJ Op> = p/
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7. FULL-R-NAT

(Epiltr(er, . em)/Rloej,dp(...p,...)) == p
<OCR7]'777Z)P(- e 777Z)R(€17' . '7em) op,.. )> f':>p/

In writing down this rule, ¥p(...,¢¥r(e1,...,€n) 0 p,...) is rather inaccurate. It
means picking up ¥r(eq,...,e,) according to the occurrence of R in Egrj. ¢p’s
are nested as productive objects P’s are in Ep ;. For example, the rule for ‘pil’
of object ‘prod’ is
(p1, 1) == p'
(pil, pair(py, p2)) == p’

Eprodr 1s simply ‘prod’, so there is no t¢’s. The rule for ‘eval’ of object ‘exp’ is

(e, pair(L, p)) == p’
(eval, pair(curry(e), p)) == p

/

Remember that E.y,; is ‘prod(exp, X) .

Let us call the new system FULL and the previous system defined in definition 4.1.7
LAZY. ]

As we have proved theorem 4.3.1, we can easily show that FULL system is well-defined.
In addition, we can show that the reduction in FULL system is stronger than that in
LAZY system, that is,

Proposition 4.5.3: If (e,p) == p’ in FULL system, then (e,p) = ¢ in LAZY sys-
tem. |

On the other hand, since a FULL reduction is nothing but the repeated application of
LAZY reductions, we have the normalization theorem.

Theorem 4.5.4: For a unconditioned canonical element p and a CSL expression e
whose domain is compatible with the codomain of p, there is a unconditioned canonical

element p’ such that
/

(e;p) == p
in FULL reduction system. [



Chapter 5

Application of Categorical Data
Types

In this chapter we see some applications of CDT and CPL. We have concentrated on
category theory in the previous chapters and it is sometimes hard to relate our results
to others if they are not familiar with category theory. The author is not claiming that
it is better to use category theory in practice. Category theory is used as a guiding
principle to see things without being obscured by inessentials. Therefore, once one
establishes some results using category theory, it is very interesting to see what it
means in other terms and we might get some deep insight.

In section 5.1, we will see an implementation of CPL. In section 5.2, we will examine the
connection between CDT and typed lambda calculi and in section 5.3 we will propose
a new ML which is obtained by combining the current ML, and CPL.

5.1 An implementation of
Categorical Programming Language

In chapter 4, we introduced a programming language CPL and its computation rules.
A CPL system has been implemented using Franz Lisp. In the section, we will demon-
strate the system and see some examples of reductions which it can manage.

When the system is started, it prints the following message and waits for user com-
mands.

Categorical Programming Language (version 3)
cpl>

First, we have to declare some objects because the system does not know any objects
when it is started. The very first object we declare is the terminal object. We use edit
command to enter its declaration.

115
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cpl>edit

| right object 1 with !

| end object;

right object 1 defined
cpl>

Note that user inputs are in italic font. We define products, exponentials and natural
number object as well. The declarations are exactly the same as we presented in
chapter 3 (except that to make output shorter we use ‘s’ for successor and ‘0’ for zero).

cpl>edit

| right object prod(a,b) with pair is
| pil: prod -> a

| pi2: prod -> b

| end object;

right object prod(+,+) defined
cpl>edit

| right object exp(a,b) with curry is
| eval: prod(exzp,a) -> b

| end object;

right object exp(-,+) defined
cpl>edit

| left object nat with pr is

| 0:1-> nat

| s:nat -> nat

| end object;

left object nat defined
cpl>edit

| left object coprod(a,b) with case is
| wnl:a-> coprod

| wm2: b -> coprod

| end object;

left object coprod(+,+) defined
cpl>

Each time we declare an object the system remembers its factorizer and natural trans-
formations as well as the functor associated with. In the above transaction, ‘prod(+,+)’
indicates that system recongnized ‘prod’ as a covariant functor of two arguments
whereas ‘exp(-,+)’ indicates that ‘exp’ is a functor which is contravariant in the first
argument and covariant in the second. The variance is calculated as we formulated in
section 3.2. The system can type CSL expressions using the rules in section 2.4. For
example, we can ask the type of ‘pair(pi2,eval)’.

cpl>show pair(pi2, eval)

pair(pi2,ev)

: prod(exp(*b,*a),*b) —> prod(*b,*a)
cpl>

where ‘*a’ and ‘*b’ are variables for objects, or we can see them as a kind of type
variables in ML; ‘pair(pi2,eval)’ is a polymorphic function in this sense.

As we have done in section 4.2, we can ask to the system to calculate ‘141" using ‘simp’
command.

epl>simp eval.pair(pr(curry(pi2),curry(s.cval)).pil,pi2).pair(s.0,s.0)
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S.

S.

0
:1 -> nat

cpl>

Note that the composition ‘o’ is typed as

‘.. The system applied reduction rules to

get the following reduction:

(eval.pair(...).pair(s.0,s.0),I) = s.s.0.

We can see how the system deduced the reduction by enabling the trace mode.

cpl>set trace on

epl>simp eval.pair(pr(curry(pi2),curry(s.cval)).pil,pi2).pair(s.0,s.0)
0:eval.pair(pr(curry(pi2),curry(s.eval)).pil,pi2).pair(s.0,s.0)*
1:eval.pair(pr(curry(pi2),curry(s.eval)).pil,pi2)*pair(s.0,s.0)
2:eval*pair(pr(curry(pi2),curry(s.eval)).pil,pi2) .pair(s.0,s.0)
3[1] :pr(curry(pi2),curry(s.eval)).pil*pair(s.0,s.0)

4[1] :pr(curry(pi2),curry(s.eval)).s.0*id

5[1] :pr(curry(pi2),curry(s.eval)).s*0

6[1] :pr(curry(pi2),curry(s.eval))*s.0

7[1] :curry(s.eval) .pr(curry(pi2),curry(s.eval))*0

8[1] :curry(s.eval).curry(pi2).!*

9[1] :curry(s.eval).curry(pi2)*!

10[1] :curry(s.eval)*curry(pi2).!

11[1] :*curry(s.eval).curry(pi2).!
12:s.eval*pair(curry(pi2).!,pi2.pair(s.0,s.0))

13[1] : curry (pi2) . !*

14[1] : curry (pi2) *!

15[1] s *curry(pi2).!

:s.pi2*pair(!,pi2.pair(s.0,s.0))

17:
18:
19:
20:
21:
1*s.8.0
5.8.0

16

22

.pi2.pair(s.0,s.0)*id
.pi2+*pair(s.0,s.0)
.s5.0%1d

.8%0

s*s.0

S
S
S
S

:1 -> nat

cpl>

Each line has the following form:

‘step nurnber‘[‘depth,ofconjputamion‘]:‘expressh)n‘>k|canonicalelenﬂent

It indicates the following reduction:

(| expression |, | canonical element |> = ...

Step 0 denotes the reduction of

(eval.pair(pr(curry(pi2), curry(s.eval)).pil,pi2).pair(s.0,s.0),I) = .. .. (+)

Step 1 is obtained from R-FACT rule (and R-COMP); the reduction (+) is the same

as the reduction of

(eval.pair(pr(curry(pi2), curry(s.eval)).pil, pi2),pair(s.0,s.0)) = ...
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Again from R-FACT, this reduction is the same as

(eval, pair(pr(curry(pi2),curry(s.eval)).pil,pi2).pair(s.0,5.0)) = .... (++)
which is step 2. From R-NAT, we have to calculate

(pair(pr(curry(pi2), curry(s.eval)).pit, pi2).pair(s.0, .0),
prod(exp,a), exp) ~ (curry(...),...).
In order to do this, from R-NAT-F we have to calculate
{pr(curry(pi2), curry(s.eval)).pil,pair(s.0,s.0)} = ... (1)
This reduction is carried out from step 3 to step 12 and we get
{pr(curry(pi2), curry(s.eval)).pil, pair(s.0,s.0)} = curry(s.eval).curry(pi2).!.
Note that from step 3 to 4 it did the reduction
(pil,pair(s.0,s.0)) = s.0,

and from step 6 to 7 it used L-FACT and did the reduction

(curry(s.eval).pr(curry(pil), curry(s.eval)),0) = ...

(pr(curry(pi2), curry(s.eval)),s.0) = ...
Therefore, (1) is
(pr(curry(pi2), curry(s.eval)).pil, pair(s.0,s.0)) = (curry(s.eval), curry(pi2).l,
and from R-NAT the reduction of (++) is the same as
(s.eval,pair(curry(pi2).!, pi2.pair(s.0,5.0))) = .. ..
The rest of the steps are done similarly.

It is inconvenient to write down the definition of the addition every time we want to
add something. Therefore, the system has the facility to give names to morphisms.
For example, we can name the addition function ‘add’ and use it as follows:

cpl>let add=eval pair(pr(curry(pi2), curry(s.eval)).pil,pi2)
add : prod(nat,nat) -> nat defined
cpl>simp add.pair(s.0,s.5.0)
s.s5.8.0
:1 -> nat

We can define the multiplication and factorial functions.

epl>let mult=eval prod(pr(curry(0.!), curry(add.pair(eval,pi2))),id)
mult : prod(nat,nat) -> nat defined
cpl>let fact=pil.pr(pair(s.0,0), pair(mult. pair(s.pi2,pil),s.pi2))
fact : nat -> nat defined
cpl>simp mult.pair(s.s.0,s.5.5.0)
s.s.8.s5.8.5.0
:1 -> nat
cpl>simp fact.s.s.s.5.0
5.5.8.5.8.5.8.5.8.8.5.8.5.8.5.8.5.8.8.8.5.8.8.5.0.!
:1 -> nat
cpl>

Let us next define the object for lists.
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cpl>edit

| left object list(p) with prl is

| nil:1->1list

| cons:prod(p,list)->list

| end object;

left object list(+) defined

cpl>edit

| let append=eval.prod(pri(curry(pi2),

| curry(cons.pair(pil.pil,eval pair(pi2.pil, pi2)))),
| id);

append : prod(list(#*a),list(*a)) -> list(*a) defined
cpl>let reverse=pri(nil,append.pair(pi2, cons.pair(pil,nil.!}))
reverse : list(*a) —> list(*a) defined

cpl>let hd=pri(in2,inl.pil)

hd : list(*a) -> coprod(*a,1) defined

cpl>let hdp=case(hd,in2)

hdp : coprod(list(#*a),1) -> coprod(*a,1) defined
epl>let ti=case(inl.pi2,in2).pri(in2,inl.pair(pil, case(cons,nil).pi2))
tl : list(*a) -> coprod(list(#*a),1) defined

cpl>let tlp=case(tlin2)

tlp : coprod(list(*a),1) -> coprod(list(*a),1) defined
cpl>let seq=pi2.pr(pair(0,nil),pair(s.pil,cons))

seq : nat -> list(nat) defined

cpl>

The morphism ‘seq’ returns a list of length n for a given natural number n such that
the list consists of the descending sequence of natural numbers, n —1,n—2,...,2,1,0.
We can try it in the system.

cpl>simp seq.s.s.s.0

cons.pair(s.pil,cons).pair(s.pil,cons).pair(0,nil).!
:1 > list(nat)

cpl>

The result dose not look like the sequence of 2, 1 and 0, but this is because our definition
of canonical element (definition 4.1.3) is weak. We can ask the system to reduce an
element to unconditioned canonical elements (see definition 4.5.1) using reduction rules

listed in definition 4.5.2.

cpl>simp full seq.s.s.s.0

cons.pair(s.s.0.!,cons.pair(s.0.!,cons.pair(0.!,nil.!)))
:1 > list(nat)

cpl>

Now, it looks more like the sequence of 2, 1, and 0. We may continue to do some more
reductions about lists.

cpl>simp hd.seq.s.s.s.0
inl.s.s.0.!

:1 > coprod(nat,1)
cpl>simp hd.nil
in2.!

:1 —> coprod(*a,1)
cpl>simp hdp.tl.seq.s.s.5.0
inl.s.0.!
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:1 > coprod(nat,1)
cpl>simp full append.pair(seq.s.s.0,5eq.5.5.5.0)
cons.pair(s.0.!,cons.pair(0.!,cons.pair(s.s.0.!,cons.pair(s.0.!,cons.
pair(0.!,nil. )))))
:1 > list(nat)
cpl>simp full reverse.it
cons.pair(0.!,cons.pair(s.0.!,cons.pair(s.s.0.!,cons.pair(0.!,cons.
pair(s.0.!,nil.!)))))
:1 > list(nat)
cpl>

where ‘it denotes the result of the immediately-preceding reduction.

Let us next experiment with infinite lists.

cpl>edit
| right object inflist(a) with fold is
| head: inflist -> a
| tail: inflist -> inflist
| end object;
right object inflist(+) defined
cpl>let incseq=fold(id,s).0
incseq : 1 -> inflist(nat) defined
cpl>simp head.incseq
0
:1 -> nat
cpl>simp head.tad tail tal incseq
s.s5.8.0
:1 -> nat
epl>let ali=fold(head.pil pair(pi2,tail.pil))
alt : prod(inflist(*a),inflist(*a)) -> inflist(*a)
cpl>let infseq=fold(id,id).0
infseq : 1 -> inflist(nat)
cpl>simp head.tail tail alt. pair(incseq,infseq)

5.0
:1 -> nat
cpl>
where ‘incseq’ is the infinite increasing sequence 0, 1, 2, 3, 4, ..., and ‘infseq’ is

the infinite sequence of 0s. We can merge two infinite lists by ‘alt’ which picks up
elements alternatively from the two infinite lists.

5.2 Typed Lambda Calculus

In this section, we will investigate connection between CPL and typed lambda calculi.
Lambda calculi were invented to mathematically formalize the notion of computation.
Typed lambda calculi (first order) are an important part of lambda calculi and are
studied in various ways. Usually a typed lambda calculus starts with a fixed number
of ground types and allows only — as type constructors. For example, [Stenlund 72]
treats natural numbers and ordinals, and [Troelstra 73] deals with one level higher
ordinals. An interesting question is “What kind of types can be added to lambda
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calculi?” Natural numbers, ordinals, lists, .... We will show in this section that any
data types we can define in CPL can be added into typed lambda calculi.

We are to define a typed lambda calculus. As CPL does not have any ground objects
to start with, our lambda calculus does not have any ground types either. Instead it
has two ways of constructing types, one corresponding to forming left objects and the
other corresponding to forming right objects.

Definition 5.2.1: The syntax of our lambda calculus is given as follows.
1. An enumerable set T'Var of type variables. p,v,... € TVar.

2. The set Type of types is defined by the following rules.

p € TVar pel 0 F o€ Type I'=7€ Type
' p e Type I'Fo— 1€ Type
F'u{p}tko € Type 'u{p}to, €Type

I'Fpp(or,...,0,) € Type

F'u{p}tko e Type Fru{p}ko, eType
I'tip(oy,...,0,) € Type

We use o,7,... for the meta-variables of Type. pp.(o1,...,0,) corresponds to
left objects and fp.(01,...,0,) corresponds to right objects.

3. An enumerable set Var of variables. x,y, z,... € Var.

4. The set Term of terms and their types are defined by the following rules.

x € Var z:0€l
I'Fx:o

Frv{az:o}kt:r
F'EXaevdt:o—r

I'tti:o—r7 I'kty: o
Fl_tltng

'k Cﬁp.(gl ..... o) Ui[ﬁp.(dl, ey 0n)/pl — ﬁp.(al, cey )

I't- Jﬁp.(crl ..... on),T : (UI[T//)] - T) — .. (0-7%[7— p] - T) -

pp(o1,...,00) = 7T
'+ Dﬂp.(crl ..... on)yi - ﬁp-(alv s 7Un) - Ui[ﬁp'(ah .- 70-7%)//)]
'k Pﬂp.(crl ..... on),T . (T - UI[T/P]) ... T (T - U”[T/p]) -

T — fip(01,...,00)

Clup(o1,mon)i 18 the i-th constructor of pp.(oy,...,0,) and Jy, (0, . 0n),r is the

generalized iterator for it. Dy, (o,.....00) and Pry(o,,..., on),r are the dual pairs. I
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We have the usual reduction rules a and 3 and two delta rules. We write a > b for the
term @ reducing to the term b by one step reduction and write a 5 b for a reducing to
b by some steps. The two delta rules are:

Jﬁp.(crl ..... on), 701 - - - an(cﬁp.(crl ..... crn),ib) > ai(o-i[t]ﬁp.(crl ..... on), 701 - - - Cln//)]b)
and
Dﬂp.(crl ..... crn),i(Pﬂp.(crl ..... on),m a1 - - - anb) > O-i[Pﬂp.(crl ..... on), a1 - - - an/p](azb)

where o[t/p] is a term of type o[r/p] — o[v/p] when the type of ¢ is 7 — v and is
defined as follows.

1. If p does not appear in o, then o[t/p] = Az7.x.
2. plt/p] =t.
3. (o1 — oa)[t/p] = )\51?”1_”2 I Ny oot p)(wy).
4. proy,...,0,)[t/p] = S (0117102 (o [0, ) @1 -+ - Qo
where a; = A7 /Al 0 s (ailpe (ool )t o))
5. 1o,y 04)[t] p] = Pav(orlvfel) (o117 o)) 01 - - - G

where a; = \arv-(olr/el), oilfv.(o1[T/pl,...) v ][t//)]( av.(o1[7/ el ) ).

It looks very complicated but this is the faithful translation of o[t/p] as o being a
functor.

Let us see some types we can define in our lambda calculus.
Example 5.2.2: The empty type can be defined as ) = pp.(), and one point type can
be defined as 1 = fip.(). We denote the element of 1 as * = Py, Azt.z. ||

Example 5.2.3: The product of two types, o and 7 can be defined as o x 1 = Jip.(o, 7).
We have two projections.

T =Doxr1 1 0XT—=0 T =Doxrs 10XT—=T

If a is a term of type o and b is a term of type 7, we can define a term (a, b) of type
oXT.

{a,b) = Pyy.(Azt.a)(Az'b)x o xT
We have the following reduction.

71(a, ) = Dyyri(Poxra(Az.a)(Az.b)) > (Az.2)((Az.a)*) b a

Similarly, we can show that m,(a, b) 5 b. I

Example 5.2.4: Dually, the coproduct of ¢ and 7 is defined as o + 7 = pp.(o,7).
Two injections are defined as follows.

1W=Chpry t0—=04T 19=Chirg 1 T— 04T
Jo47, satisfies the following reductions.

Jorrpab(ti¢) = Jypr,ab(Coirrc) b a((Ax.x)e) > ac

ot rpab(tac) > be l
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Example 5.2.5: Let us define the natural numbers in our lambda calculus. The
definition of type is

w = pp.(1,p).

Zero and the successor function are defined by

0=Cui*x T w s=Cu2 tw—w
J gives us almost the ordinary well-known iterator but its type is

Joo (1l—0)—=(0—0)—>w—o.
We can define the ordinary one by this J, , as follows.

J, = Ar Ay And,(Az.x)yn 1o — (0 —0) = w—o0
It satisfies the usual reductions:
Jpab0 & J, 5 (Az.a)b(Clyr¥) > (Az.a)((Az.z)%) b a

and

jgab(sn) 5 Jwo(Az.a)b(Cyan) > b( S, (Az.a)bn) ~ b(jgabn)

where = is the equivalence relation generated by S Using J,, we can define all the
primitive recursive functions. For example, the addition function can be define as

add = AnAm.J,msn : w — w — w. I

Example 5.2.6: As [Stenlund 72| and [Troelstra 73], we can define the type for or-
dinals by Q@ = pp.(1,w0 — p). We only check whether our definition of the iterator
coincides with the ordinary one.

Ja.o(Az.a)b0g > (Az.a)((Az.z)%) b a

Jao(Ax.a)b(supt) > b((w — p)[Ja,(Ax.a)b/p]t)
= b(( Ay Az.Jq,(Az.a)b(yz))t) > b(Az.Jq . (Ax.a)b(tz)) l

Example 5.2.7: Finally, the type for finite lists can be defined by

L, = pp.(1,0 x p)
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with
nil=0Cr, 1+ @ L, cons=Cr o t0oxXL,— L,

Jigr (l=7)=(oxXT—=7)—= L, =7

whereas the type for infinite lists can be defined by I, = fip.(0,p) with

head=D; 1 I, =0 tall= Dy, @ I, = I,
P, :(r—o)=(r—=71)—=17—1,
head( Py, rabe) 5 ac tail( Py, rabc) 5 Py, ab(be) l

After finishing this section, the author is communicate with [Mendler 86] where recur-
sive types are introduced into first-order and second-order typed lambda calculi. He
uses least fixed points and greatest fixed points as we do, but their recursion combinator
R has a different type from ours.

M:(p—=71)—>0o—T

Ry (Mpp.c/pl): pp.oc — 7

The author cannot give a clear connection between our iterator and his. In addition,
he takes fixed points over a single type expression and, therefore, he needs some basic
type constructors like 1 and 4, whereas in our lambda calculus there are no basic type
constructors.

5.3 ML and Categorical Programming
Language

We might say that ML is based on (first order) typed lambda calculi as we might say
that LISP is based on untyped lambda calculi. The type structure of ML. depends on the
version of ML, we are talking about. If we are talking about the original ML developed
with LCF [Gordon, Milner and Wordsworth 79], it had some base types, product,
disjoint sum, integer, etc. , and had ability to introduce new types via recursively
defined type equations. For example, the data type for binary trees whose leaves are
integers were defined as

absrectype btree = int + (btree # btree)
with leaf n = absbtree(inl n)
and node(t1,t2) = absbtree(inr(tl,t2))
and isleaf t = isl(repbtree t)
and leafvalue t = outl(repbtree t)
and left t = fst(outr(repbtree t))
and right t = snd(outr(repbtree t));;
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Here, we needed the coproduct type constructor ‘+’ as a primitive. We could not do
without it, whereas ‘int” can be defined in terms of others primitives (ML has it as a
primitive type just because of efficiency).

At the next evolution of ML, which yielded the current Standard ML [Milner 84, Harper,
MacQueen and Milner 86], we discovered that the coproduct type constructor is no
longer needed as a primitive. Standard ML has a ‘datatype’ declaration mechanism by
which the coproduct type constructor can be defined.

datatype ’a + ’b = inl of ’a | inr of ’b;

A datatype declaration lists the constructors of the defining type. An element of “’a
+ ’b’ can be obtained by either applying ‘inl’ to an element of “’a’ or applying ‘inr’
to an element of “’b’. We can define the data type for binary trees in Standard ML as
follows.

datatype btree = leaf of int | node of btree * btree;

The symbol ‘|7 is just like ‘+’) but we shifted from the object level of the language
to the syntax level. Note that we no longer need the separate definition of ‘leaf’ or
‘node’. We can define the other functions using case statements.

exception btree;

fun isleaf t = case t of
leaf _ => true
| node _ => false;
fun leafvalue t = case t of
leaf n =>n

| node _ => raise btree;

fun left t = case t of
leaf => raise btree

| node(t1,t2) => ti1;

fun right t = case t of
leaf _ => raise btree
| node(t1,t2) => t2;

We got rid of the coproduct type constructor from the primitives, but Standard ML
still needs the product type constructor. From a category theoretic point of view, we
can sense asymmetry in the type structure of Standard ML. Let us remember that
CPL (or the lambda calculus defined in section 5.2) needs neither the coproduct type
constructor nor the product type constructor as a primitive. We should be able to
introduce the symmetry of CPL into ML. Let us proceed to the next stage of the ML
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evolution and define Symmetric ML.

Primitives Declaration Mechanism
ML | ->, unit, #, + | abstype
Standard ML | =>, unit, * datatype
Symmetric ML | => datatype, codatatype
CPL left object, right object

ML Evolution

Remember that datatype declarations correspond to left object declarations. We list
constructors for types. In order to get rid of the product type constructor from prim-
itives, we should have a declaration mechanism which corresponds to the right object
declaration mechanism. Its syntax is

codatatype TypeParam Typeld =
Id is TypeFxp & ... & Id is TypeFxp;

A codatatype declaration introduces a type by listing its destructors. The product
type constructor can be defined as follows.

codatatype ’a * ’b = fst is ’a & snd is ’b;

where ‘fst : ’a * ’b -> ’a’ gives the projection function to the first component and
‘snd : ’a * ’b -> ’b’ gives the projection function to the second component. If the
declaration is recursive, we do not take the initial fixed point of the type equation but
the final fixed point. This is firstly because of symmetry and secondly because the
initial fixed points are often trivial. Because of this, we can define infinite objects by
codatatype declarations. For example, the following declaration gives us the data type
for infinite lists.

codatatype ’a inflist = head is ’a & tail is ’a inflist;
It we took the initial fixed point, we would get the empty data type.

Obviously we have destructors for co-data types because we declare them, but how can
we construct data for co-data types? We had case statements for data types, so we
have ‘merge’ statements as dual. Its syntax is

merge Destructor <= Faxp & ... & Destructor <= Exp

For example, the function ‘pair’ which makes a pair of given two elements can be
defined as follows.

fun pair(x,y) = merge fst <= x & snd <= y;

As a more complicated example, we might define a function which combines two infinite
lists together.

fun comb(1l1,12) = merge head <= head 11
& tail <= comb(1l2,tail 11);
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It is now clear that, if elements of co-data types are just records and ‘merge’ creates
records after evaluating expressions, this ‘comb’ function never terminates because it
tries to sweep the entire infinite lists which cannot be done in finite time. We need
lazyness in the evaluation mechanism. An element of ‘inflist’is a record of two com-
ponents but each component is a closure whose computation leads to a value. A ‘merge’
statement creates a record consisting of these records. Therefore, the declaration of
‘inflist’ is not like

datatype ’a inflist = something of ’a * ’a inflist;
but is closer to

datatype ’a inflist = something of (unit -> ’a) *
(unit -> ’a inflist);

and ‘head’, ‘tail and ‘comb’ are like

fun head(something(x,1))

xO;

fun tail(something(x,1)) 10;
fun comb(11,12) = something(fn () => head 11,
fn () => comb(1l2,tail 11));

Note that, as we use pattern matching to declare functions over data types, we can also
use it to declare functions over co-data types. For example, an alternative definition
of ‘comb’ may be

fun head comb(l1l,_) = head 11
& tail comb(11,12) = comb(1l2,tail 11);



Conclusions

We have looked at a categorical approach to the theory of data types. The goal
of this thesis was to develop CPL (Categorical Programming Language) which is a
programming language in a categorical style and which has a categorical way of defining
data types.

CSL (Categorical Specification Language) was actually developed later than CDT (Cat-
egorical Data Types) and CPL. At first, CDT was given its semantics without depend-
ing on CSL. We could have carried out the thesis without CSL, but CSL provides the
syntactic materials for CDT and CPL so we would have still needed those parts. CSL
is very much like an ordinary algebraic specification language, but it is not trivial in
two senses: the treatment of functors and the treatment of natural transformations.
Functors are very similar to functions but variances make them special and interesting.
Natural transformations are essentially polymorphic functions, so if there had been a
specification language for polymorphic functions, we might not have needed to struggle
for developing CSL. It might be interesting to investigate what polymorphic algebraic
specification languages can be.

CSL is equational. Much of category theory can be presented equationally so that
CSL is good enough in this sense, but presenting categorical concepts equationally
loses half of the essential meaning. For example, although the adjoint situation can be
explained equationally, its essence is something more. This is why, the author believes,
there are so many equivalent forms of defining the adjoint situation. Therefore, it is
nice to have a specification language which can naturally express categorical concepts.
Sketches [Barr and Wells 85] are more categorical than equations, so it might be an
idea to use sketches in CSL.

CDT is the heart of the thesis. It was developed after the author first studied category
theory and tried to express categorical definitions in algebraic specification languages.
As we have seen in chapter 3, algebraic specification languages can express categor-
ical definitions but not naturally. CDT succeeded to define some basic categorical
definitions like products, coproducts, exponentials, natural numbers and so on more
naturally, but it cannot define, for example, pullbacks or more complicated categorical
concepts. One of the suggestions to extend CDT is to allow equations inside the CDT

128
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declarations. In this way, we may define pullbacks as follows:

right object pullback(f: A — C,¢: B — (') with pbpair is
71: pullback — A
7o: pullback — B
where
fom =gom,
end object

The declaration should be read as follows:

1. For any morphisms f: A — C and ¢: B — C, pullback(f,¢) is an object and it is
associated with two morphisms

71: pullback(f,¢) — A and ma: pullback(f,g) — B

such that fonr; = ¢ o m,.
2. For any morphisms h: D — A and k: D — B such that foh = gok, there exists
a unique morphism pbpair(h, k): D — pullback(f, ¢g) such that

71 0 pbpair(h, k) = h and 7y 0 pbpair(h, k) = k

Note that ‘pullback’ is no longer a simple functor but takes two morphisms. We can
similarly define pushouts, equalizers, co-equalizers and so on. In fact, we can define
any finite limit or colimit. Since limits and colimits are something to do with diagrams,
it seems natural to introduce the declaration mechanism of diagrams. For example, we
may have a diagram consisting of three objects and two morphisms as follows:

diagram el is
objects A, B,C
morphisms f: A — C,g: B — C

end diagram

Then, ‘pullback’ can be regarded as taking an ‘el’ diagram as its parameter, and it is
a functor from the category of ‘el’ diagrams. This extension is becoming very much
similar to the parametrization mechanism in algebraic specification languages. Dia-
grams correspond to so-called loose specifications, and object declarations correspond
to parametrized specifications (or procedures in CLEAR’s terminology) which take a
specification which matches as a parameter and return a new specification. It is very
interesting to investigate the possibility of CDT with equations along this line as a
first class specification language. CD'T we presented in this thesis was bounded by the
restriction of computability. If we introduce equations, it becomes increasingly difficult
to connect them to computing. If we had ‘pullback’ in CDT, we would have to prove
fok = goh before using pbpair(k, k). Therefore, the programming would involve some
proving.

CDT and CSL are essentially one sorted systems (here sort = category), and some
would like to extend them to many sorted systems. We could have extended them
here, but since our main goal in this thesis was to understand data types, we were
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interested in only one category, the category of data types, and so CDT and CSL were
single sorted. Our approach is very close to that of domain theory which mainly deals
only one category, the category of domains. On the other hand, algebraic specification
methods deal with many categories. Each specification is associated with a category.
However, they are still related in some sense because they all are algebras over the
category of sets (or some other underlying category). As we mentioned above, if we
extend CDT with the diagram declarations, we will have to deal with a lot of different
categories of diagrams, and it will be interesting to find out what I, G-dialgebras can
give us in this context.

CPL is a functional programming language without variables. It may look like FP
proposed by John Backus because FP also has no variables. However, CPL is based
on category theory and it has an ability to declare data types by means of CDT. CPL
does not need any primitives to start with. One of the reasons for not having variables
is that category theory is abstract in the sense that objects are simply points and only
their outer behaviour is concerned. However, we could have variables for morphisms.
For example, we might want to have

twice( f) def fof

which takes a morphism f: A — A and returns a morphism of A — A. The current
CPL system cannot handle it and we have to write it like

. def .
twice = eval o pair(my, eval)

which is a morphism from exp(A, A) to exp(A, A). This definition is not self-explanatory.
It is evident that we need morphism variables in CPL for easier use. Note that twice(f)
can simply be a macro because definitions can never be recursive.

We proposed in chapter 5 to make CPL more like an ordinary functional programming
language. It has datatype declarations as well as co-datatype declarations. It is left for
the future to actually implement the language. It is interesting to see how to handle
(or represent) lazy data types.

Since CPL is an applicative language and has the possibility of executing programs in
parallel as well as the possibility of partial evaluation, some kind of special hardware
can be invented to execute CPL programs fast.

The future plan of CDT and CPL would be to extend CDT to cope with equations
and to develop a total programming environment in which users can define things
categorically, reason (or prove) their properties categorically, execute some programs
categorically.
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