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So Far

- Propositional Logic
- Logical Connectives(A, V, —, —)
- Truth Table
- Tautology

- Normal From
- Disjunctive Normal Form
- Conjunctive Normal Form

- Proof
- Axiom and Theorem
- LK Framework

- Soundness and Completeness
- LK Framework is both sound and complete.



LK Framework

- Use sequent
Ai,...,A, + B4,...,B,

- Meaning: Assume A,,...,4,, all hold, deduce one of
Bi,...,B,

- Axioms: Iinitial sequent and for constants (T and 1)

(1) (T) (L)
AFA FT 1 F

- Two kinds of inference rules:

- inference rules for structure
- inference rules for logical connectives



0 (T) (1)
LK Inference Rules T - T
F'r A 'FA A AT EFA I'FAAA
(WL) (WR) (CL) (CR)
AT FA ['FAA AT FA 'FAA
I,A B, I, FA
1 2 (EL) '+ Al,A,B,Az (ER) Fl F Al,A A, Fz F Az (cut
Fl,B,A, FZ FA 'k Al)BJAIAZ Fl; FZ F AlJAZ
AT EFA B,T'+A [ FALA I, A, B
(ALy) (AL,) (AR)
AAB,TFA AAB,TFA I, T, kAL A,, AAB
['AA ['+AB ATy kA B,T, F A,
(VR,) (VR,) (vL)
TrAAVB F'+AAVB AVB,T,T, F Ay, A,
I, AL A B,T, A ATFAB
r 1 272 Ly (5R)
A- BT, T, AL A, ['+AA-B
I'FAA ATFEFA
(—L) (—R)
—AT+A ['FA—A




Natural Deduction

- Natural deduction

NK Framework

Introduced by Gentzen (same as LK framework)
LK framework is too formal.

NK inference is closer to natural inference.

No inference rules for structure

Inference rules for logical connectives only

Each logical connective has two kinds of inference rules:
- Introduction rule and elimination rule
- correspond to right and left rules of LK framework



. R
A Elimination Rule

- ANB means Aas well as B :
- If AA B, then A and B can be used.

- corresponds to the left rule of A A B in LK framework.

AT FEFA B,I'FA
(AL,) (AL,)

AANB,TFA AANB,TFA

- ANB,T F A has A A B in the antecedent, it can be replaced with A.

- The elimination rule of A A B in NK framework:

ANB ANB
(AE,) (AE,)

A B

- A in the above of A A B is eliminated in the below.



A Introduction Rule

- In order to show A A B, it is necessary to show both 4 and B.

- corresponds to the right rule of A A B in LK framework:

F]_ F Al,A FZ F AZ;B
[, T, + A, A, AAB

(AR)

- If A and B are shown, A A B IS shown.

- The introduction rule of A A B in NK framework:

A B
ANB

(Al)

- ANof A A B is introduced.



. R
V Introduction Rule

- To show A Vv B, it is enough to show A or B.
- If A, then Av B.
- If B, then AV B.

- corresponds to the right rule of A v B in LK framework:

FAA I'FAB
(VRy) (VR,)

'tAAVEB 'FAAVEB

- The introduction rule of 4 v B in NK framework:

A B
(vly) (vl,)

AVB AVB




e
V Elimination Rule

- When A v B is shown, in order to show C the following two need to be
shown:

- In case 4 is shown, C can be shown, and
- In case B is shown, C can be shown too.
- corresponds to the left rule of A v B in LK framework.

A,Fll'Al B,Fz |‘A2
AVB, T, T, F Ay A,

(vL)

- The elimination rule of 4 v B in NK framework:

(Al [B), A 5]
: : C C
AV B C C Assuming A4, show C Assuming B, show C

i (VE) | | |

C C is shwon

- The index i indicates that this rule discharged some assumptions.



— |Introduction and Elimination Rules

- LK rules for —:

[ FALA B,I, FA ATFAB
Sl G SN (5R)

A—- BT, FALA, 'FAA- B

- NK rules for —:

[A];

A—- B A B
(-E) i (=)

B A- B

- The elimination rule of — is the modus ponens.



— Introduction and Elimination Rules

- LK rules for —:

I'FAA AT FEFA
(—L) (—R)
—A,TFA A=A

- NK rules for —:
[A];

- From L, anything can be shown:

4
A

(LE)



NK Inference Rules

AAB (AE,) AAB (AE,) A B (Al
A e B ? ANB )
[A]; [B];
: : A B
) (V1)
AVB _ C C_ o Avg W AVB
C
[A];
A>B :
(E) b i (oD
B A-> B
A .
—4 A [E]l
L L i (3D
—A
L g ——A
A A




Proof in NK Framework

- Proof in NK framework:
- Combine inference rules.
- The bottom (or end) formula is proved.
- All the assumptions need to be discharged.

- Example: A - (B - A)

LK proof figure NK proof figure
(1)
ArA [B],
(WL)
B’A HA (5R) [A]l 2 (>0
ArB— A E—4

1 (=)

(-=R)

A — (B - A) A (B - 4)



Example (1)
-Prove AANB > BAA

LK proof figure

) Q)

B+ B AF A
(AL,) (AL,)
AANB‘VF B AANBFEF A
(AR)
AANBF BAA

(-=R)

F AANB—->BAA

NK proof figure

(AE,) [A A B]l [A A B]1 (AE,)
B A
BANA

ANB—->BAMAA

(Al)

1 (-0

Multiple [A A B]; are discharged together.



Example (2)
-Prove AVvVB > BVA

LK proof figure NK proof figure

(M) ()
B+ B Ar A

(VR,) (VR;)

A+rBVA BrBVA
AVBFr BVA
(-R)

F AVB—-BVA AVB—-BVA

(VL)




Exercise (1)

- Prove 7AA—B - —(AVB)

—AA—B > —(AVB)



Exercise (2)

- Prove 7 (AVB) » 7AA—B

—(AVB) > —AA—B



Proof of Double Negation

- Proof of A - ——4
LK proof figure

()

Ar A
(—L)
—A, A+
(—R)
Ar——A
(-R)
FA > ——A

- Proof of /A4 - A
LK proof figure

()

ArF A
(—R)
FA, —A
(—L)
——AL+A
(>R)

F——4A-> A

NK proof figure

41 Al

2 (41
—|—/A4

1 (=)
A - /4

NK proof figure

[T—4]
A

(=)

1 (=)



Law of Excluded Middle

- Proof of Av —4

LK proof figure

)

AF A

(VR))
AF AV A

(—R)
F AV —4,—A

(VR,)

F AV A4,AV A
(CR)
F AV /A

NK proof figure

[A];
(vly)
[_I(A V —|A)]1 AV /A )

l |
2 (4)
—A
(vl,)
[—(AV—Al  AV—A
1
1 (4D

(=)

AV A



Hilbert Logical Framework

- Both LK and NK frameworks are by Gentzen.

- Hilbert Logical Framework
- Axioms oriented. y
- The only inference rule: modus ponens (MP)

- Axioms:
Al. A - (B - A)
A2.(A->(B->C)»(A->B)- (A-0)
A3.A-> (B—->AAB)
Ad.ANB - A
A5.ANB - B
A6.A—-> AVB
A7.B->AVB
AB.(A-C)-»(B-C)-(AVB - ()
A9. (A-B) —» ((A—- —B) —» —4)
Al0. /A - A



Proofs in Hilbert Logical Framework (1)

T1.A-> A
[1A->((A->A)->A)-> (4> (A~ 4)~>(A-4) (vA2)
214- ((A->4) > A) (+Al)
BlA->(A->A)>A->A) (~1,2,MP)
[4]A - (A-4) (vA2)
[5]A—> A (~3,4MP)

T2.0->(A->(B-0) =D - (4~ B)-(4-0))
[1](A—> (B—-C) - ((A—>B)—> (A-C()) (~A2)
21[1] - (D - [1]) (~Al1)
81D - [1] (~1,2,MP)
[4] (D - [1]) - ((D - (A - (B—- C))) - (D ->((A->B)-> (A-0()))) (wA2)

51 (D> (A~ B>0))> D~ (A>B)>(A>C)) (~34MP)

T3.(B>C)-> ((A->B)-> (A-0))
21 (B->C)-(A—-(B-C()) (+Al)
BI(B-C)~>((A->B)->(A-0C) (v1,2MP)

T4 (A->B)-»(B-C)~»(A-0())
[ B-C->(A->B)~>A->0) (~T3)
[2] [1] - (((B -C)- (A4~ B)) > (B-C)-»A- C))) (~A2)
B ((B-C)»(A->B)->((B->C)->(A->C) (+1,2,MP)
[4][3] » ((A-B) - [3]) (A1)
[5] (A= B) - [3] (~3,4,MP)
6] ((A-B)-[3])> ((A->B)—>((B->C) - (A—-B)))—>T4) (~A2)
[71((A->B) > ((B-C)—> (A- B))) > T4 (~6,7,MP)
[8](A—B) > ((B~C)—> (A-B)) (~Al)
99 4A->B)»(B->C)-» (4~C) (~7,8MP)



Proofs in Hilbert Logical Framework (2)

5. (C—->A) - ((C—->B)—> (C—>AAB))
[1]A—> (B> AAB) (+A3)
[2][1] - (C > [1]) (~Al)
[3]C > (A—- (B—->AAB)) (+1,2,MP)
[4](C>(A-> (B>AAB)) > ((C—->A)—>(C->(B->AAB)) (+~A2)
[5] (C > A) - (C—-> (B ->AAB)) (+3,4,MP)
[6] (C > (B—>AAB))—> ((C>B)- (C->AAB)) (+A2)
[7]1[6] - ((C > 4) —» [6]) (~Al)
[8] (C - A) —» [6] (+6,7,MP)
[9] ((C = A) = [6]) = ((C—-A) = (C—- (B—=AAB))) > T5) (~A2)
[10] ((C - A) - (C - (B~ AAB))) > T5) (+8,9,MP)
[11] (C » A) - ((C > B) > (C > AAB)) (+5,10,MP)

T6.AANB—>BAA
[1] (AAB - B) - ((AANB—>A) » (AANB > BAA)) (~T5)
[21AANB - B (~-A5)
[B3](AAB - A) > (AANB—->BAA) (+1,2,MP)
[4] AANB = A (+A4)
[5]AANB—->BAA (+3,4,MP)



Lambda Calculus and NK Framework

- Lambda Calculus
- A model of computation

- Consist of two expressions:
- function abstraction: (Ax. M)
- function application: (MN)

- Type of lambda expressions:

x: A

M:B M:A-> B N:A
(Ax.M):A—-B (MN) : B
— Introduction rule — elimination rule

- The type determination of a lambda expression corresponds to
a proof in NK framework.



Hilbert Logical Framework and Combinators

- Combinators:
- Special lambda expressions:
- K =Axy.x
« S = Axyz.xz(yz)

- Theorem: For any lambda expression, there exists an SK
expression which is aff equivalent to the lambda expression.

- The axioms for — in the Hilbert logical framework correspond to
types of S and K:

- K=Axy.x: (A—> (B —>A))
- S =Axyz.xz(yz) : (A - (B - C)) - ((A —-B) - (4- C))

- The inference rule of the Hilbert logical framework is the modus
ponens and it corresponds to the function application.



Summary

- Logical Framework
- Axioms and inference rules

LK Framework

- Sequent A44,..., A, v By,...,B,

- Axioms: initial sequent and for constants

- Inference rules for structure: weakening, contraction, exchange, cut
- Inference rules for logical connectives: left and right

NK Framework

- more natural

- Introduction and elimination rules
- Discharge assumptions

Hilbert Logical Framework
- The modus ponens is the only inference rule
- Axioms oriented

Lambda expressions and logical frameworks



