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Lambda Notation

- Function abstraction
- f(x)=x+xXx
cf=Ax.x+xXx

- Function application
- f(2Q)=2+2x2=6
c Mx.x+xxx)2)=24+2%x2=6

- Higher order function
- twice(f) = Ax. f(f (%))

- twice = Af. (Ax.f(f(x)))

- twice(Ax.x + x X x) =



Currying

- Function with multiple arguments

- f,y) =xx(y+5)
- fiNXN->N

- Currying
cffe)) =xx(y+5)

o f*(x)=ly.(x><(y+5))
- f* = Ax. (Ay. (xx(y+5)))
- f**N = (N —>N)

fy) =f100)



Lambda Expression

- Definition: A expressions are defined as follows:
(1) Variables x,vy, z, x4, x5,y’, ... are A expressions.
(2) For a A expression M and a variable x,

(Ax. M)
Is a A expression (Function Abstraction).
(3) Fora A expression M and N,

(MN)
is a A expression (Function Application)

- Example: Let x, y, f be variables.
(2 (F(f )
(Of-(F ) 2y.9))

- Abbreviated Notation
C Axyx 2 M = (2. (At (o (. M) -+2)))

- M{M,M5 M, = (( ((M1M2)M3) "')Mn)



Bound and Free Variables

- Bound variable
- For Ax. M, a variable x in M is bound by Ax.
- Ax. (yx)
- Ax. (Ay.xyz)
© (Ax.yx)(Ay. yx)
- Axy. x(Ay.xy)

- Free variable
- Variables which are not bound.

- FV(x) = {x}
- FV(Ax. M) = FV (M) \ {x}
- FV(MN) = FV(M) U FV(N)

- Closed term
- Expressions without free variables.

- FV(M) = ¢



Alpha Conversion

- Meaning does not change by replacing bound variables.
. Ax.xi/ly.y

- Ax. (y(Ax. yx)x) 5 Ax.(y(Az.yz)x)

- a conversion can be used to separate free variables and bound variables.

- Assignment M[x == N| - Formal Definition of assignment:
- Replace free variable x in M by N. - x[x=N]=N

. ((Ax.y X) y) ly = (Az.2)] = (Ax.(Az.2)x)(A2.2) . yx:=N]=y

- (AVv. M =N|=Ay.(M|x =N
- do not change variable bind relationship W ()V\[I)lf]el’e y]GE FIZ(IE/) gx :

. ((Ax.y x) y)[y =x] # (Ax.x x) x © (Ax.M)[x = N] = x.M
© (M M")[x = N] = (M[x :== N] M'[x := N])

- aZT

M S Ay, (M[x = y])



S N
Beta Reduction (Conversion)

- Definition: Replace f redex (Ax. M)N with M[x := N]

Gx. MN 5 M[x = N

B

Do not bind any free variables in N when - IfM—>N,
assigning. In such a case, use a conversion first. B
c Ax.M - Ax.N
I/ B !/
- Example: MM _B’NM
B - M'M—>M'N
- (Ax.x)y—>

« (Ax.x y)(Ax.x) E>

s Axy.xy)(Ax.y) £>
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Beta Reduction Sequence
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Leftmost and Rightmost Beta Reduction

- Leftmost S reduction
- Do reduction on the leftmost S redex.

- (Ax y. y)(()Ly.y x) (Ax. x)) E)

- Rightmost £ reduction
- Do reduction on the rightmost S redex.

- (xy. ) (Ay.y x)(Ax. %)) 5

- A 1 expression is in normal form when there is no § redex.
cAxy.xy
c Ax.x x
S xy



Basic Lambda Expressions

- ] = Ax. x

cimb

- K=Axy.x

* KMN -

cS=Axyz.xz((yz)
. sPORS
. S(Ax. M)(Ax. N) 5

skk5



SK EXpressions

- SK Expressions
- A expressions combining variables, S and K with function application

- For any A expression M, there exists an SK expression X such that X ‘;}B M.

- For an SK expression X and a variable x, let define an SK expression Ax. X as
follows:

c Mx.x=SKK

- Ax.y=Ky

- Ax.S=KS

- Ax. K =KK

- Ax. X, X, = S(Ax. X)) (Ax. X5)

ap
s Ax. X=>Ax. X
- Replace A in M with A.

- Example:
- Find an SK expression for M = Axy.xy

c Ax.(Ay.xy) =



Special Lambda Expressions

« Z = (Ax.x x)(Ax. x x)
« (Ax.x x)(Ax.x x) ﬁ

- Y = 2y. (Ax.y(x x)) (Ax. y(x x))
- Curry's fixed point operator

ap
- YMe MY M)

-YM£>

- Y(Ax.x) i

- Y' = (Ax y.y(x x y))(/lx y.y(x x y))
- Turing's fixed point operator

ap
S Y'M=MY' M)



Church-Rosser Theorem

- Theorem: If M Oi—’; P and M i’i Q, then there exists N such

af af
that P= N and Q = N.

N & P e
- The proof is difficult. 7

- (. x x)((Ay.y) z) A o o&f
B

- This theorem assures that the normal form does not
depend on the selection of § redex in a A expression.
- It is known the leftmost £ reduction gives the normal form if it exists.



Summary

- Lambda expression

- Conversion and reduction
- a conversion
- 3 reduction

- SK expression
- Normal form

- Church-Rosser theorem



Homework 6

- Convert back the following SK expression to a lambda
expression.

S (S(KS)(S(KK)(SKK))) (S(KK)(SKK))

where
S=lxyz.xz(yz)
K=Axy.x



