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Functor
• For categories 𝑪𝑪 and 𝑫𝑫, a functor 𝐹𝐹:𝑪𝑪 → 𝑫𝑫 is:

• For any object 𝐴𝐴 ∈ 𝑪𝑪, 𝐹𝐹 𝐴𝐴 ∈ 𝑫𝑫.
• For any arrow 𝑓𝑓:𝐴𝐴 → 𝐵𝐵 ∈ 𝑪𝑪, 𝐹𝐹 𝑓𝑓 :𝐹𝐹 𝐴𝐴 → 𝐹𝐹 𝐵𝐵 ∈ 𝑫𝑫.
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• For any object 𝐴𝐴 ∈ 𝑪𝑪, 𝐹𝐹 1𝐴𝐴 = 1𝐹𝐹(𝐴𝐴).
• For any arrows 𝑓𝑓:𝐴𝐴 → 𝐵𝐵 and 𝑔𝑔:𝐵𝐵 → 𝐶𝐶 ∈ 𝑪𝑪, 𝐹𝐹 𝑔𝑔 ∘ 𝑓𝑓 = 𝐹𝐹 𝑔𝑔 ∘ 𝐹𝐹 𝑓𝑓 .

𝑪𝑪 𝑫𝑫

𝐴𝐴 𝐵𝐵
𝑓𝑓 𝐹𝐹

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵
𝐹𝐹(𝑓𝑓)

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐴𝐴
𝐹𝐹(1𝐴𝐴)

1𝐹𝐹(𝐴𝐴)

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵
𝐹𝐹(𝑓𝑓)

𝐹𝐹 𝐶𝐶

𝐹𝐹(𝑔𝑔)
𝐹𝐹(𝑔𝑔 ∘ 𝑓𝑓)



Examples of Functors
• forgetful functor

• forget the structure
• 𝐺𝐺:𝑮𝑮𝑮𝑮𝑮𝑮 → 𝑺𝑺𝑺𝑺𝑺𝑺

• 𝐺𝐺 𝑆𝑆, � , 𝑒𝑒, −1 = 𝑆𝑆

• 𝐺𝐺 𝑓𝑓 = 𝑓𝑓
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• functor between monoids
• 𝐹𝐹: 𝑀𝑀,� , 𝑒𝑒 → 𝑁𝑁,� , 𝑒𝑒
• 𝐹𝐹 𝑒𝑒 = 𝑒𝑒
• 𝐹𝐹 𝑥𝑥 � 𝑦𝑦 = 𝐹𝐹 𝑥𝑥 � 𝐹𝐹 𝑦𝑦
• homomorphism between monoids

• functor between partially ordered sets
• 𝐹𝐹: 𝐷𝐷,⊑ → 𝐸𝐸,⊑
• If 𝑥𝑥 ⊑ 𝑦𝑦, then 𝐹𝐹(𝑥𝑥) ⊑ 𝐹𝐹(𝑦𝑦)
• monotonic function

• free functor
• give the structure
• 𝐹𝐹:𝑺𝑺𝑺𝑺𝑺𝑺 → 𝑮𝑮𝑮𝑮𝑮𝑮

• 𝐹𝐹 𝑆𝑆 = the free group generated from 𝑆𝑆
• 𝐹𝐹 𝑓𝑓 = extend 𝑓𝑓 to homomorphism



Composition of Functors
• Composition of functors

• A functor from 𝑪𝑪 to 𝑫𝑫, 𝐹𝐹:𝑪𝑪 → 𝑫𝑫
• A functor from 𝑫𝑫 to 𝑬𝑬, 𝐺𝐺:𝑫𝑫 → 𝑬𝑬
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𝑪𝑪 𝑫𝑫

𝐴𝐴 𝐵𝐵
𝑓𝑓 𝐹𝐹

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵
𝐹𝐹(𝑓𝑓)

𝑬𝑬

𝐺𝐺
𝐺𝐺 𝐹𝐹 𝐴𝐴 𝐺𝐺 𝐹𝐹 𝐵𝐵

𝐺𝐺 𝐹𝐹 𝑓𝑓

𝐺𝐺 ∘ 𝐹𝐹

• 𝐺𝐺 ∘ 𝐹𝐹:𝑪𝑪 → 𝑬𝑬
• 𝐺𝐺 ∘ 𝐹𝐹 𝐴𝐴 = 𝐺𝐺 𝐹𝐹 𝐴𝐴
• 𝐺𝐺 ∘ 𝐹𝐹 𝑓𝑓 = 𝐺𝐺 𝐹𝐹 𝑓𝑓



Natural Transformation
• For functors 𝐹𝐹 and 𝐺𝐺 from category 𝑪𝑪 to 𝑫𝑫, 𝜏𝜏:𝐹𝐹→

.
𝐺𝐺 is a 

natural transformation if the followings are met:
• For any object 𝐴𝐴 ∈ 𝑪𝑪, there exists an arrow 𝜏𝜏𝐴𝐴:𝐹𝐹 𝐴𝐴 → 𝐺𝐺 𝐴𝐴 ∈ 𝑫𝑫.
• For any arrow 𝑓𝑓:𝐴𝐴 → 𝐵𝐵 ∈ 𝐶𝐶, 𝜏𝜏𝐵𝐵 ∘ 𝐹𝐹 𝑓𝑓 = 𝐺𝐺 𝑓𝑓 ∘ 𝜏𝜏𝐴𝐴 holds.
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𝑪𝑪
𝑫𝑫

𝐴𝐴 𝐵𝐵
𝑓𝑓

𝐹𝐹
𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵

𝐹𝐹(𝑓𝑓)

𝐺𝐺
→ .

𝐺𝐺 𝐴𝐴 𝐺𝐺 𝐵𝐵
𝐺𝐺(𝑓𝑓)

𝜏𝜏𝐴𝐴 𝜏𝜏𝐵𝐵

↺𝜏𝜏

• Category 𝑫𝑫𝑪𝑪

• object: functor from 𝑪𝑪 to 𝑫𝑫
• arrow: natural transformation

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵
𝐹𝐹(𝑓𝑓)

𝐺𝐺 𝐴𝐴 𝐺𝐺 𝐵𝐵
𝐺𝐺(𝑓𝑓)

𝜏𝜏𝐴𝐴 𝜏𝜏𝐵𝐵

↺

𝐻𝐻 𝐴𝐴 𝐻𝐻 𝐵𝐵
𝐻𝐻(𝑓𝑓)

𝜎𝜎𝐵𝐵↺𝜎𝜎𝐴𝐴

𝐹𝐹

𝐺𝐺

→ .𝜏𝜏

→ .

𝐻𝐻

𝜎𝜎
𝜎𝜎 ∘ 𝜏𝜏



Covariant and Contravariant Functors
• covariant functor

• For any object 𝐴𝐴 ∈ 𝑪𝑪, 𝐹𝐹 𝐴𝐴 ∈ 𝑫𝑫
• For any arrow 𝑓𝑓:𝐴𝐴 → 𝐵𝐵 ∈ 𝑪𝑪, 𝐹𝐹 𝑓𝑓 :𝐹𝐹 𝐴𝐴 → 𝐹𝐹 𝐵𝐵 ∈ 𝑫𝑫
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• contravariant functor
• For any object 𝐴𝐴 ∈ 𝑪𝑪, 𝐹𝐹 𝐴𝐴 ∈ 𝑫𝑫
• For any arrow 𝑓𝑓:𝐴𝐴 → 𝐵𝐵 ∈ 𝑪𝑪, 𝐹𝐹 𝑓𝑓 :𝐹𝐹 𝐵𝐵 → 𝐹𝐹 𝐴𝐴 ∈ 𝑫𝑫

𝑪𝑪 𝑫𝑫

𝐴𝐴 𝐵𝐵
𝑓𝑓 𝐹𝐹

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵
𝐹𝐹(𝑓𝑓)

𝑪𝑪 𝑫𝑫

𝐴𝐴 𝐵𝐵
𝑓𝑓 𝐹𝐹

𝐹𝐹 𝐴𝐴 𝐹𝐹 𝐵𝐵
𝐹𝐹(𝑓𝑓)

• 𝐹𝐹 1𝐴𝐴 = 1𝐹𝐹(𝐴𝐴)
• 𝐹𝐹 𝑔𝑔 ∘ 𝑓𝑓 = 𝐹𝐹 𝑔𝑔 ∘ 𝐹𝐹 𝑓𝑓

• 𝐹𝐹 1𝐴𝐴 = 1𝐹𝐹(𝐴𝐴)
• 𝐹𝐹 𝑔𝑔 ∘ 𝑓𝑓 = 𝐹𝐹 𝑓𝑓 ∘ 𝐹𝐹 𝑔𝑔



Product of Categories
• For category 𝑪𝑪 and 𝑫𝑫, the product category 𝑪𝑪 × 𝑫𝑫 is

• object: for any objects 𝐴𝐴 ∈ 𝑪𝑪 and 𝐵𝐵 ∈ 𝑫𝑫, 𝐴𝐴,𝐵𝐵 ∈ 𝑪𝑪 × 𝑫𝑫
• arrow: for any arrow 𝑓𝑓:𝐴𝐴 → 𝐴𝐴′ ∈ 𝑪𝑪 and 𝑔𝑔:𝐵𝐵 → 𝐵𝐵′ ∈ 𝑫𝑫, 𝑓𝑓,𝑔𝑔 : 𝐴𝐴,𝐵𝐵 →
𝐴𝐴′,𝐵𝐵′ ∈ 𝑪𝑪 × 𝑫𝑫
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𝑪𝑪 𝑫𝑫

𝐴𝐴 𝐴𝐴𝐴
𝑓𝑓

𝐵𝐵 𝐵𝐵𝐴
𝑔𝑔

𝑪𝑪 × 𝑫𝑫

(𝐴𝐴,𝐵𝐵) (𝐴𝐴′,𝐵𝐵′)
(𝑓𝑓,𝑔𝑔)



Hom Functor
• For a category 𝑪𝑪, its hom functor is the functor which maps arrows to 

sets.
• hom𝑪𝑪 −,− :𝑪𝑪𝑜𝑜𝑜𝑜 × 𝑪𝑪 → 𝑺𝑺𝑺𝑺𝑺𝑺
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hom𝑪𝑪 𝐴𝐴,𝐵𝐵 hom𝑪𝑪(𝐴𝐴𝐴,𝐵𝐵𝐴)
hom𝑪𝑪 𝑓𝑓,𝑔𝑔

ℎ:𝐴𝐴 → 𝐵𝐵

∈

𝐴𝐴𝐴 𝐵𝐵𝐴

𝐴𝐴 𝐵𝐵

𝑓𝑓 𝑔𝑔

ℎ

• hom𝑪𝑪(𝐴𝐴,𝐵𝐵) : the set of arrows from 𝐴𝐴 to 𝐵𝐵
• For 𝑓𝑓:𝐴𝐴𝐴 → 𝐴𝐴 and 𝑔𝑔:𝐵𝐵 → 𝐵𝐵𝐴, hom𝑪𝑪 𝑓𝑓,𝑔𝑔 : hom𝑪𝑪 𝐴𝐴,𝐵𝐵 → hom𝑪𝑪(𝐴𝐴𝐴,𝐵𝐵𝐴)

is defined as hom𝑪𝑪 𝑓𝑓,𝑔𝑔 ℎ = 𝑔𝑔 ∘ ℎ ∘ 𝑓𝑓.

∈



Adjunction
• An adjunction from category 𝑪𝑪 to 𝑫𝑫 is:

• left adjoint functor 𝐹𝐹:𝑫𝑫 → 𝑪𝑪
• right adjoint functor 𝐺𝐺:𝑪𝑪 → 𝑫𝑫
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hom𝑪𝑪 𝐹𝐹 𝐵𝐵 ,𝐴𝐴 hom𝑫𝑫 𝐵𝐵,𝐺𝐺 𝐴𝐴≅

hom𝑪𝑪 𝐹𝐹 𝐵𝐵𝐴 ,𝐴𝐴𝐴 hom𝑫𝑫 𝐵𝐵𝐴,𝐺𝐺 𝐴𝐴𝐴≅

hom𝐶𝐶 𝐹𝐹 𝑔𝑔 , 𝑓𝑓 hom𝐷𝐷 𝑔𝑔,𝐺𝐺 𝑓𝑓↺

𝐴𝐴

𝐴𝐴𝐴

𝑓𝑓

𝐵𝐵

𝐵𝐵𝐴

𝑔𝑔

𝑪𝑪 𝑫𝑫
𝐹𝐹

𝐺𝐺

hom𝑪𝑪 𝐹𝐹 − ,− ≃ hom𝑫𝑫 −,𝐺𝐺 − :𝑫𝑫𝑜𝑜𝑜𝑜 × 𝑪𝑪 → 𝑺𝑺𝑺𝑺𝑺𝑺

• For 𝐴𝐴 ∈ 𝑪𝑪 and 𝐵𝐵 ∈ 𝑫𝑫, hom𝑪𝑪 𝐹𝐹 𝐵𝐵 ,𝐴𝐴 ≅ hom𝑫𝑫 𝐵𝐵,𝐺𝐺 𝐴𝐴 is naturally 
isomorphic.

• Adjunction 𝐹𝐹 ⊣ 𝐺𝐺



Everything is Adjunction
• Let Δ:𝑪𝑪 → 𝑪𝑪 × 𝑪𝑪 be the diagonal functor Δ 𝐴𝐴 = (𝐴𝐴,𝐴𝐴)

• + ⊣ Δ ⊣ ×
• Co-product is the left adjoint functor of Δ
• Product is the right adjoint functor of Δ
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• Let ! ∶ 𝑪𝑪 → ⋅ be the functor ! 𝐴𝐴 = ⋅
where ⋅ is the category which has only one object and one identity arrow.
• Initial object is the left adjoint functor of !
• Final object is the right adjoint of !

• Let 𝑫𝑫 be a subcategory of 𝑪𝑪, and Δ:𝑪𝑪 → 𝑪𝑪𝑫𝑫 be Δ 𝐴𝐴 (𝐵𝐵) = (𝐴𝐴)，
Δ 𝐴𝐴 𝑓𝑓 = 1𝐴𝐴
• Co-limit lim

→
𝑫𝑫 is the left adjoint functor of Δ

• Limit lim
←
𝑫𝑫 is the right adjoint functor of Δ

• The right adjoint functor of 
− × 𝐴𝐴:𝑪𝑪 → 𝑪𝑪 is the function 

space − 𝐴𝐴:𝑪𝑪 → 𝑪𝑪
• hom𝑪𝑪(𝐶𝐶 × 𝐴𝐴,𝐵𝐵) ≃ hom𝑪𝑪 𝐶𝐶,𝐵𝐵𝐴𝐴 𝐶𝐶 × 𝐴𝐴

𝐵𝐵𝐴𝐴 × 𝐴𝐴 𝐵𝐵

𝑓𝑓
𝐶𝐶

𝐵𝐵𝐴𝐴

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦(𝑓𝑓)

↺

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑓𝑓 × 1𝐴𝐴

𝑒𝑒𝑒𝑒



Monad
• For a category 𝑪𝑪, a monad consists of a functor 𝑇𝑇:𝑪𝑪 → 𝑪𝑪 and two natural 

transformations 𝜂𝜂: 1𝑪𝑪→
.
𝑇𝑇 and 𝜇𝜇:𝑇𝑇2→

.
𝑇𝑇 which satisfies the followings:

• 𝜇𝜇 ∘ 𝑇𝑇𝜇𝜇 = 𝜇𝜇 ∘ 𝜇𝜇𝑇𝑇
• 𝜇𝜇 ∘ 𝑇𝑇𝜂𝜂 = 𝜇𝜇 ∘ 𝜂𝜂𝑇𝑇 = 1𝑇𝑇
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𝑇𝑇3 𝑇𝑇2

𝑇𝑇2 𝑇𝑇

𝑇𝑇𝜇𝜇

𝜇𝜇𝑇𝑇 𝜇𝜇

𝜇𝜇

↺

𝑇𝑇 𝑇𝑇2

𝑇𝑇2 𝑇𝑇

𝜂𝜂𝑇𝑇

𝑇𝑇𝜂𝜂

𝜇𝜇

𝜇𝜇↺
↺

𝑇𝑇 𝑇𝑇 𝑇𝑇 𝐴𝐴 𝑇𝑇 𝑇𝑇 𝐴𝐴

𝑇𝑇 𝑇𝑇 𝐴𝐴 𝑇𝑇(𝐴𝐴)

𝑇𝑇 𝜇𝜇𝐴𝐴

𝜇𝜇𝑇𝑇 𝐴𝐴 𝜇𝜇𝐴𝐴

𝜇𝜇𝐴𝐴

↺

𝑇𝑇(𝐴𝐴) 𝑇𝑇 𝑇𝑇 𝐴𝐴

𝑇𝑇 𝑇𝑇 𝐴𝐴 𝑇𝑇 𝐴𝐴

𝜂𝜂𝑇𝑇 𝐴𝐴

𝑇𝑇(𝜂𝜂𝐴𝐴)

𝜇𝜇𝐴𝐴

𝜇𝜇𝐴𝐴↺
↺

• When 𝐹𝐹 ⊣ 𝐺𝐺, 𝑇𝑇 = 𝐺𝐺 ∘ 𝐹𝐹 is a monad.

associative law for monoid

unit law for monoid



Haskell Monad

• Instances of Monad class are monad.
• Need to implement two functions.
• (>>=) is called bind
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class Monad m where
(>>=)  :: m a -> (a -> m b) -> m b
return :: a -> m a

1. (return x) >>= f   = f x
2. m >>= return       = m
3. (m >>= f) >>= g    = m >>= (∖x -> f x >>= g)

• The two functions need to satisfy the following equations.
• Monad laws



Haskell Monad and Category Monad

• return::a -> m a is
• 𝜂𝜂𝐴𝐴:𝐴𝐴 → 𝑇𝑇(𝐴𝐴)
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class Monad m where
(>>=)  :: m a -> (a -> m b) -> m b
return :: a -> m a

For a category 𝑪𝑪, a monad consists of a functor 𝑇𝑇:𝑪𝑪→𝑪𝑪 and two natural 
transformations 𝜂𝜂: 1𝑪𝑪→

.
𝑇𝑇 and 𝜇𝜇:𝑇𝑇2 →

.
𝑇𝑇 which satisfies the followings:

• 𝜇𝜇 ∘ 𝑇𝑇𝜇𝜇 = 𝜇𝜇 ∘ 𝜇𝜇𝑇𝑇
• 𝜇𝜇 ∘ 𝑇𝑇𝜂𝜂 = 𝜇𝜇 ∘ 𝜂𝜂𝑇𝑇 = 1𝑇𝑇

• (>>=)::m a -> (a -> m b) -> m b is
• Given 𝑓𝑓:𝐴𝐴 → 𝑇𝑇(𝐵𝐵), 𝑇𝑇 𝑓𝑓 is 𝑇𝑇 𝐴𝐴 → 𝑇𝑇 𝑇𝑇 𝐵𝐵 , so combine this with 
𝜇𝜇𝐵𝐵:𝑇𝑇 𝑇𝑇 𝐵𝐵 → 𝑇𝑇(𝐵𝐵) gives 𝜇𝜇𝐵𝐵 ∘ 𝑇𝑇 𝑓𝑓 :𝑇𝑇 𝐴𝐴 → 𝑇𝑇(𝐵𝐵).

• 𝐴𝐴 → 𝑇𝑇 𝐵𝐵 → 𝑇𝑇 𝐴𝐴 → 𝑇𝑇 𝐵𝐵 ≡ 𝑇𝑇 𝐴𝐴 → 𝐴𝐴 → 𝑇𝑇 𝐵𝐵 → 𝑇𝑇(𝐵𝐵)

1.(return x) >>= f   = f x
2.m >>= return       = m
3.(m >>= f) >>= g    = m >>= (∖x -> f x >>= g)

𝑇𝑇3 𝑇𝑇2

𝑇𝑇2 𝑇𝑇

𝑇𝑇𝜇𝜇

𝜇𝜇𝑇𝑇 𝜇𝜇

𝜇𝜇

↺

𝑇𝑇 𝑇𝑇2

𝑇𝑇2 𝑇𝑇

𝜂𝜂𝑇𝑇

𝑇𝑇𝜂𝜂

𝜇𝜇

𝜇𝜇↺
↺



Natural Number Object
• 𝑁𝑁 is a Natural Number Object when

• There are two arrows.
• 0:𝐹𝐹 → 𝑁𝑁
• 𝑠𝑠:𝑁𝑁 → 𝑁𝑁
where 𝐹𝐹 is the final object.

• For 𝑓𝑓:𝐹𝐹 → 𝐴𝐴 and 𝑔𝑔:𝐴𝐴 → 𝐴𝐴, there exists a unique arrow ℎ:𝑁𝑁 → 𝐴𝐴 such that
• ℎ ∘ 0 = 𝑓𝑓
• ℎ ∘ 𝑠𝑠 = 𝑔𝑔 ∘ ℎ
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𝐹𝐹 𝑁𝑁 𝑁𝑁
0 𝑠𝑠

𝐴𝐴 𝐴𝐴
𝑓𝑓

𝑔𝑔

↺
↺

ℎ ℎ

• Let us write 𝑝𝑝𝑐𝑐(𝑓𝑓,𝑔𝑔) for ℎ.



Addition Arrow
• Definition of 𝑎𝑎𝑎𝑎𝑎𝑎:𝑁𝑁 × 𝑁𝑁 → 𝑁𝑁
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𝐹𝐹 𝑁𝑁 𝑁𝑁
0 𝑠𝑠

𝐴𝐴 𝐴𝐴
𝑓𝑓

𝑔𝑔

↺
↺

𝑝𝑝𝑐𝑐(𝑓𝑓,𝑔𝑔) 𝑝𝑝𝑐𝑐(𝑓𝑓,𝑔𝑔)

• 𝑎𝑎𝑎𝑎𝑎𝑎′ = 𝑝𝑝𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝜋𝜋2 , 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑠𝑠 ∘ 𝑒𝑒𝑒𝑒

𝐹𝐹 𝑁𝑁 𝑁𝑁
0 𝑠𝑠

𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝜋𝜋2

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦(𝑠𝑠 ∘ 𝑒𝑒𝑒𝑒)

↺
↺

𝑎𝑎𝑎𝑎𝑎𝑎𝐴 𝑎𝑎𝑎𝑎𝑎𝑎𝐴

• 𝜋𝜋2:𝐹𝐹 × 𝑁𝑁 → 𝑁𝑁 is curried to 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝜋𝜋2 :𝐹𝐹 → 𝑁𝑁𝑁𝑁

• 𝑠𝑠 ∘ 𝑒𝑒𝑒𝑒:𝑁𝑁𝑁𝑁 × 𝑁𝑁 → 𝑁𝑁 is curried to 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑠𝑠 ∘ 𝑒𝑒𝑒𝑒 :𝑁𝑁𝑁𝑁 → 𝑁𝑁𝑁𝑁

• Define curried 𝑎𝑎𝑎𝑎𝑎𝑎′:𝑁𝑁 → 𝑁𝑁𝑁𝑁 using 𝑝𝑝𝑐𝑐.

• 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑒𝑒𝑒𝑒 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑝𝑝𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝜋𝜋2 , 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑠𝑠 ∘ 𝑒𝑒𝑒𝑒 ∘ 𝜋𝜋1,𝜋𝜋2

𝑁𝑁 × 𝑁𝑁

𝜋𝜋1

𝜋𝜋2 𝑁𝑁

𝑁𝑁
𝑒𝑒𝑒𝑒

𝑁𝑁 𝑁𝑁𝑁𝑁
𝑎𝑎𝑎𝑎𝑎𝑎′

𝑁𝑁𝑁𝑁 × 𝑁𝑁

𝜋𝜋1

𝜋𝜋2
𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐

𝐴𝐴 × 𝐵𝐵𝐴𝐴 𝐵𝐵
𝜋𝜋1 𝜋𝜋2

𝐶𝐶
𝑓𝑓 𝑔𝑔

𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐(𝑓𝑓,𝑔𝑔)

↻↺



Multiplication Arrow
• Definition of 𝑚𝑚𝑐𝑐𝑚𝑚𝑚𝑚:𝑁𝑁 × 𝑁𝑁 → 𝑁𝑁
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• Define curried 𝑚𝑚𝑐𝑐𝑚𝑚𝑚𝑚𝐴:𝑁𝑁 → 𝑁𝑁𝑁𝑁 using 𝑝𝑝𝑐𝑐 and 𝑎𝑎𝑎𝑎𝑎𝑎.

𝐹𝐹 𝑁𝑁 𝑁𝑁
0 𝑠𝑠

𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁

↺
↺

𝑚𝑚𝑐𝑐𝑚𝑚𝑚𝑚𝐴 𝑚𝑚𝑐𝑐𝑚𝑚𝑚𝑚𝐴
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦(0 ∘ !)

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑎𝑎𝑎𝑎𝑎𝑎 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑒𝑒𝑒𝑒,𝜋𝜋2

• 0 ∘ !:𝐹𝐹 × 𝑁𝑁 → 𝑁𝑁 curried to 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 0 ∘ ! :𝐹𝐹 → 𝑁𝑁𝑁𝑁

• 𝑎𝑎𝑎𝑎𝑎𝑎 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑒𝑒𝑒𝑒,𝜋𝜋2 :𝑁𝑁𝑁𝑁 × 𝑁𝑁 → 𝑁𝑁 curried to 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑎𝑎𝑎𝑎𝑎𝑎 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑒𝑒𝑒𝑒,𝜋𝜋2 :𝑁𝑁𝑁𝑁 → 𝑁𝑁𝑁𝑁

• 𝑚𝑚𝑐𝑐𝑚𝑚𝑚𝑚′ = 𝑝𝑝𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 0 ∘ ! , 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑎𝑎𝑎𝑎𝑎𝑎 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑒𝑒𝑒𝑒,𝜋𝜋2

• 𝑚𝑚𝑐𝑐𝑚𝑚𝑚𝑚 = 𝑒𝑒𝑒𝑒 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑝𝑝𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 0 ∘ ! , 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦𝑦 𝑎𝑎𝑎𝑎𝑎𝑎 ∘ 𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑒𝑒𝑒𝑒,𝜋𝜋2 ∘ 𝜋𝜋1,𝜋𝜋2

𝐹𝐹 × 𝑁𝑁 𝐹𝐹 𝑁𝑁
! 0

𝑁𝑁𝑁𝑁 × 𝑁𝑁

𝑁𝑁

𝑁𝑁

𝑒𝑒𝑒𝑒

𝜋𝜋2

𝑁𝑁 × 𝑁𝑁
𝜋𝜋2

𝜋𝜋1
𝑝𝑝𝑎𝑎𝑝𝑝𝑐𝑐 𝑁𝑁𝑎𝑎𝑎𝑎𝑎𝑎



Summary
• Functor

• Adjunction
• Right adjoint functor and left adjoint functor
• Diagonal functor and product and co-product
• Limit and Adjoint
• Monad

• Natural Number Object
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