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Functor

- For categories € and D, a functor F: C — D is:
- For any object A € C, F(A) € D.
- Forany arrow f:A—-> B €C, F(f):F(A) » F(B) € D.

- For any object A € C, F(14) = 1py).
- Forany arrows f:A - Band g:B—->C€C,F(geof)=F(g)e°F(f).

F
F(1,) F(4) O, F(B)
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Examples of Functors

- forgetful functor - free functor
- forget the structure . give the structure

© G:Grp - Set “ - F:Set - Grp
© G ((S ., e, '1)) =5 - F(S) =the free group generated from S

S G =f - F(f) =extend f to homomorphism

- functor between monoids
- F:(M,-,e) > (N, ,e)
- Fle)=e

* Flx-y)=Fx)-F(y)
- homomorphism between monoids

- functor between partially ordered sets
- F:(D,E) » (E,B)
- Ifx =y, then F(x) E F(y)
- monotonic function
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Composition of Functors

- Composition of functors
- Afunctorfrom Cto D, F:C - D
- Afunctorfrom Dto E, G:D - E

cGoF:C—-E
- GoF(A) =G(F(4))
- GoF(f) =G(F())

GoF

— \A
C D E

F G(F
[ A LB}—> [F(A) ), F(B)} —G——{G(F(A)) @ G(F(B))}
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Natural Transformation

- For functors F and G from category Cto D, T: F—> G is a
natural transformation if the followings are met:
- For any object A € C, there exists an arrow 17,: F(A) —» G(A) € D.
- Foranyarrow f:A - B € C,t5° F(f) = G(f) o 74 holds.

D

C
e . N
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H(A) W H(B)
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Covariant and Contravariant Functors

- covariant functor
- Forany object A€ C, F(A) € D
- Forany arrow f:A—->Be€C,F(f):F(A)» F(B)eD

C D

{ v }iﬂmﬂm}

: * F(1y) = 1ra)
- contravariant functor e F(gof) =F(g) o F(f)

- Forany object A€ C, F(A) € D
- Forany arrow f:A—->Be€C,F(f):F(B) > F(A) €D
* F(14) = 1
C D * F(gof)=F(f)°F(g)

{ R }Lﬂmﬂm}




Product of Categories

- For category € and D, the product category € X D is
- object: for any objects Ae CandB e D, (A, B) e CxXD

- arrow: for any arrow f:A—->A'"€Cand g:B—->B' €D, (f,g9):(4,B) »
(A',BYeCxD

CxD

[ (4. B) 09 A", BY }
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Hom Functor

- For a category C, its hom functor is the functor which maps arrows to
sets.

- hom¢(—,—): C°? X C — Set
- hom¢(4, B) : the set of arrows from A to B

- For f:A" > Aand g: B - B’, hom(f, g): hom¢(4, B) - hom(4’, B")
is defined as hom (f,g)(h) = gohof.

homg(f,
hom¢(4, B) c(/.9) > homC(A’ B"
w
h:A—- B A --» B’
f g
A—B

h
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Adjunction

- An adjunction from category C to D is:
- left adjoint functor F: D = C
- right adjoint functor G: C - D
- For A € € and B € D, hom¢(F(B),A) = homy(B, G(A4)) is naturally
iIsomorphic.
- Adjunction F 4 G
hom (F(—-),—) = homD(—, G(—)) :D°P X C - Set

_ F
C - - D
A B hom¢(F(B),A) <—=— homp(B,G(4))
f , hom¢(F(g), f) 0 homy (g, G(f))
v - v
. , home(R(E, ) = homy (8 6(4)
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Everything is Adjunction

- Let A: C — C X C be the diagonal functor A(4) = (4, A)

c+4A4X
- Co-product is the left adjoint functor of A
- Product is the right adjoint functor of A

- Let!: C - - be the functor ! (4) =
where - is the category which has only one object and one identity arrow.
- Initial object is the left adjoint functor of !
- Final object is the right adjoint of !

- Let D be a subcategory of €, and A: € - €P be A(4)(B) = (4),
ACA(f) =14

- Co-limitlim D is the left adjoint functor of A

- Limit liinD is the right adjoint functor of A i pAxa & . g
. g'h)e right adjoint func’:cor of * ' 0
—) x A: € - C is the function  curry(f) x 1
space (—)4:€C > C Curry(f)i v ;A f

- hom¢(C X A,B) =~ hom¢(C,B%) C CXxXA
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Monad

- For a category €, a monad consists of a functor T: C — € and two natural
transformations n: 1.~ T and u: T?— T which satisfies the followings:
s poTu=ypourl
“ueTn=penT =1
associative law for monoid

r3 LH, 12 T(T(T(W)) ) T(T(4))
uTl 0 lu o (A)l o JHA
r T ! T(T(4)) > T(A)
Ha
r 7 Ta) — A 7(T(4))
T"l X l“ T(nA)l N luA unit law for monoid
mT r(r) ———— 1@

-When F 4G, T =G o Fisamonad.
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Haskell Monad

class Monad m where
(>>=) ::ma -> (a->mb) ->mb
return :: a -> m a

- Instances of Monad class are monad.
- Need to implement two functions.
- (>>=) is called bind

- The two functions need to satisfy the following equations.
- Monad laws

f x
m
m>>= (\x -> £ x >>= q)

1. (return x) >>= £
2. m >>= return
3. (m >>= £f) >>= g
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Haskell Monad and Category Monad

class Monad m where
(>>=) ::ma -> (a->mb) ->mb
return :: a -> m a 1. (return x) >>=f = f x
2.m >>= return =m
3. (m>>=f) >>=g =m >»>= (\x -> £ x >>= q)

For a category €, a monad consists of a functor T:€C—C and two natural
transformations n: 1.~ T and u: T? — T which satisfies the followings:

* puoTu=ypourl T T
H _nty o,
e uoTn=ponT =1y T3 — T2 T oT
"‘Tl o l“ T"lxl“
- return::a -> m a IS 72— T TE——T
[0 [0

* NatA > T(A)
c(>>=)::ma -> (a ->mb) ->mb IS
- Given f: A > T(B), T(f) is T(A) - T(T(B)), so combine this with
ug:T(T(B)) - T(B) gives pug o T(f): T(A) = T(B).
. (A — T(B)) - (T(A) - T(B)) =T(A) - (A — T(B)) — T(B)



Natural Number Object

- N is a Natural Number Object when
- There are two arrows.
- 0:F->N
- stN—->N
where F is the final object.
- Forf:F - Aand g: A — A, there exists a unique arrow h: N — A such that

. hoO:f
. hoszgoh
0 S
F — N » N
O
'h O h
f ; ;
A » A
g

- Let us write pr(f, g) for h.



Addition Arrow N
- Definition of add: N X N - N x

- Define curried add’: N - N using pr. g
0 S

F > N > N

o o
\ ' add' © , add
curry(mz) (v y

NN - 5 NN
curry(s o ev)

- m,:F X N - N is curried to curry(my): F - NV
- soev: NN x N - N is curried to curry(s o ev): NV - NV

- add' = pr(curry(nz), curry(s o ev))

- add = evo pair(pr(curry(nz), curry(s o ev)) o T4, nz)



Multiplication Arrow

- Definition of mult: N X N - N
- Define curried mult’: N - NV using pr and add.

0 S
F > N > N
) | :
i mult’ O ' mult’
curry(0ol) ! !
v v

curry(add o pair(ev, nz))

- 0o!l: F X N - N curried to curry(0o!): F -> NV

! 0
F XN »> [ > N

- add o pair(ev,m,): NN X N - N curried to curry(add o pair(ev,m,)): NV —» NV

€V _~» N T
/ pair add

NV XN -------F=c----- > NXN —— N
}AN‘/ﬂz

- mult' = pr (curry(O ol), curry(add o pair(ev, nz)))
- mult = ev o pair (pr (curry(O o ), curry(add ° pair(ev, nz))) o T4, nz)



Summary

- Functor

- Adjunction
- Right adjoint functor and left adjoint functor
- Diagonal functor and product and co-product
- Limit and Adjoint
- Monad

- Natural Number Object
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