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So far

- What is computation?
- Computation = what computers can calculate

- Computable functions = mathematical functions which computers
can calculate

- Computability = whether mathematical functions are computable or
not

- While program and flow chart are equivalent.

- Any program can be converted into a while program with
only one while.



Primitive Recursive Function

Definition:
- Primitive recursive functions consist of the followings:

1. some predefined functions
some predefined functions

2. composition of primitive recursive functions

3. functions defined by primitive recursion

primitive
recursive
functions

primitive
recursion

composition



Predefined Primitive Recursion Functions

- The following three functions are primitive recursive functions:

1. zero: N> N . NO={.}
- zero() = 0 * N'=N
e« N2=NXN={(x,y)|[x €N,y € N}

- Always return 0 N3=NxXNXN

NT'=NXNXNX--XN

2. suc: N-> N
e suc(x) = x +1
- next number of x
* suc(2)=3
* suc(100) = 101

suc

3. m':N" >N
o (X, ey Xp) = X

- ith element of n given elements
- projection NXNX--XN

- 2 (x,y) = x ﬂ//ﬂg Tn

- ni(x,y) =y




Composition of Primitive Recursive Functions

) : . b
Function composition A .59 .
- compose two functions \/‘

» g h(x) = g(h(x)) goh

- Composition of primitive recursive functions is primitive
recursive.

- Given primitive recursive functions g : N™ > Nand h; : N* - N (i =
1,2,...,m) , the composition f : N* — N is primitive recursive.

o f(x1,%9, v, xn) = g(hy (X1, X9, ey X)) ooey B (1, X5, on, X))




Example 1. Primitive Recursive Function

cid(x) = x id: N-> N
- The identity function is primitive recursive.
s id(x) = mi(x)

-one() =1 one: N’ > N
- Function which always return 1 is primitive recursive.
- one() = suc(zero())

- two() = 2 two: N > N

- Function which always return a constant is primitive recursive.

add2(x) =x+2 add2:N - N

 Function which adds 2 is primitive recursive.
- add2(x) = suc(suc(x))



Primitive Recursion

- Given primitive recursive functions g : N* - Nand h: N**2 - N,
1 . e 1L g
f: N*™1 > N is also primitive recursion:

© f(xg, e, x0,0) = g(xq, oon, xp)
. f(xl, ey Xy suc(y)) = h(Xq, i, X, Y, f (X1, o, X, V)

- It is called that the function is defined by primitive recursion.

- Ifn=0,wheng: N> Nandh:N x N — N are primitive recursive,
f : N = N is primitive recursive:
- f(0)=g90
© f(suc®) = h(, fF)

- Define f(x) when x is 0 and when x is not O:
- when x is 0, the value is constant g()

- when x is not 0, x can be written as x = suc(y), and f(x) can be calculate from y and f(y) by

h(y, f(¥))
- IfyisOthen f(y) is g(), butif not, repeat the case of f(suc(y)) again until y becomes 0

- (1) = f(suc(0)) = r(0,£(0)) = h(0,g()
© F@) = f(suc(D) = h(1, F(D)) = h(1,h(0, g())
C£G3) = f(suc@) = h(2,£@) = h(2,h(1,h(0,90)))



3
Example 2. Primitive Recursive Function

-pred:N - N pred(x) =x—1
- returns previous number (reverse of suc)

Primitive Recursion (n = 0)
* f(0) =90
* f(suc() = h(y, f(»)

- pred(0) =

. pred(suc(y)) =

- pred(1) =

- pred(5) =



. S
Example 3. Primitive Recursive Function

-add:N? > N add(x,y) =x+vy Addition
- add(x,0) = Primitive Recursion (n = 1)
. dd( ( ))_ * f(x,0) = g(x)
aadin Suey)) = * f(xsuc)) = h(x,y, f(x, )
- add(1,1) =

- add(3,2) =



Example 4. Primitive Recursive Function

- sub:N? - N sub(x,y) =x —y  Subtraction
- sub(x,0) =
: Sub(x, Suc(y)) =

Primitive Recursion (n = 1)
* f(x,0) = g(x)
* f(x suc(y)) = h(x,y,f(x,))

- mul: N4 > N mul(x,y) = x Xy  Multiplication
- mul(x,0) =

o mul(x, Suc (y)) =



Primitive Recursive Function

- Definition:
- Primitive recursive functions are:

- The following three functions are primitive recursive functions:

- zero: N >N zero() = 0
*suc: N> N suc(x) = x + 1  (next number of x)
e N* >N T (X1, ey Xp) = X;

For short, we use 0 for zero()

- Wheng: N > Nandh; : N* - N (i = 1,2, ...,m) are primitive recursive, f :
N™ — N is also primitive recursive:
f(xq, %9, v, xn) = g(hy (X, X0, eory X))y ooy R (X1, X2, o, X))

- Define a function using primitive recursion:

- When g : N® - N and h : N**2 - N are primitive recursive, f : N**1 > N is
also primitive recursive:

f(xq, e, %00,0) = g(1, v) X))

| - Composition of primitive recursive functions are primitive recursive:
i f(xl, . Suc(y)) = h(xqy, e, X0, V, [ (X1, oo, X0, V)



Summatlon and Product

- If f(xq,...,x,,y) 1S primitive recursive, the following functions are also
1 Y
pr|m|t|ve recurswe

y-1
g(xq, e, X, y) = 2 f(xq, ) X0, 2)
z=0

y-1
h(x1, .o, X, y) = Hf(xl, iy Xy Z)

g =fO+f(D+-+fly—-1
c h@)=fO)xf(A) X Xf(y—1)

- Proof:
« g(xq, e, x,0) =

g(x]_, ey xn; SUC(Z)) =

« h(xq,...,x,,0) =

. h(xll ---;xn! SUC(Z)) -



Primitive Recursive Predicate

___________________________________________________________________________________________________

. - Definition:
. - Apredicate p(x4, ..., x,,): N = {T, F} is primitive recursive, when its
characteristic function C, (x4, ..., x,): N — N is primitive recursive.

© Cp(xq, ., xp) =1 when p(xq, .., x,) IS T
© Cp(xq, ., x) =0 when p(xq, ..., x,) IS F

- Example:

- Predicate x = 0 is primitive recursive:
© Coo(x) =

- Predicate x < y Is primitive recursive:
‘ CS(.X', y) -

- Predicate x = y is primitive recursive:
- C-(x,y) =



Logical Formula

- When p(x4, ..., xn), q(xq1, ..., X5), v(x4, ..., X, Z) a@re primitive recursive predicates,
the following predicates are also primitive recursive:
o p(xqg, e, ) Aq(xq, e, Xp)
o p(xg, e, X)) V q(xq, o, Xp)
o ap(xq, e, Xp)
- Vz < y(r(xl, ey Xy Z)) = Vz(z <y=>r(xy, ...,xn,z))

- dz < y(r(xl, ey X, Z)) = Elz(z < YAT(Xg, oor, Xy, z))



Example

- x > y IS primitive recursive:
- (x>y) =

- divisible(x,y) = “x is divisible by y"' is primitive recursive:
- divisible(x,y) =

- prime(x) = “x is a prime number”’ is primitive recursive:

- prime(x) =



Minimum

. If p(xy, ..., X, 2) is a primitive recursive predicate, the following function !
| IS primitive recursive: 5
E ﬂz<yp(x1; vy X, Z) - min({Z I p(xll vy X, Z)} U {y}) i
i the minimum number z which makes p(x4, ..., x,,, z) hold and less than y. !

- Proof:
- Let g(x4, ..., x,, 2) be the characteristic function of Vv < z(=p(x4, ..., x,, v)). Then,
y—-1
HzayD (X1, ooy X, Z2) = z g(X1, e, X, 2+ 1)

z=0

ifn=1 z 0 1 2 3 4 5 6 y—1 y
:uZ<yP(xﬂZ)

P(x,2) F F F T F T T F T
—P(x,2) T T T F T F F T F
Vv < z(=P(x,v)) T T T T F F F F F
g(x,2) 1 1 1 1 0 0 0 0 0

| y-1 Yy
| moP&D =) gzt =) gnn) =3
z=0 z=1



Corollaries

Corollary: div(x,y) = x <+ y is primitive recursive.
c div(x,y) = Uyey (x < (y X (z + 1)))

___________________________________________________________________________________________________

Theorem: Arithmetic operations (addition, subtraction,
. multiplication and division) are primitive recursive.

___________________________________________________________________________________________________

' Corollary: pr(x) = “xth prime number” is primitive recursive.
- pr(0) =2
: pr(suc(x)) = .uy<pr(x)!+2(pr(x) <y A prime(y))



Summary

- Primitive recursive function
* Zero
° Suc
-l
- function composition
- define by primitive recursion

- Primitive recursive predicate

- Arithmetic operations are primitive recursive.



