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Complete Partial Ordered Set

- (D,E) Is a partially ordered set when
- Reflective: x C x
- Transitive:x T yandyE zthenx C z
- Antisymmetric. x TyandyE xthenx =y

- (D,E) is a complete partial ordered set (cpo) when
- (D,E) is a partially ordered set
- it has the small element L
- forany x, 1LC x
- forx; Ex, Ex3 E - E x,, E -+, there is the least upper bound U2, x;

C a complete partial

a set of information ordered set




Flat Domain
- For a set S, add the smallest element L

° SJ_ — S U {J_}

- foranyx €S, LCx
- Example:

- For Boolean set B = {tt, ff}, its flat domain is:

ot ff
B=1 N\ /1
1

- For Natural Number N = {0, 1, 2, 3,4, --- }, its flat domain is:

— —_

o 1 2 3 4 -
mel S\ T




Product

- D; X D, Is the product of CPO D; and D, when:
* Dy XDy ={{x,y) | x € Dy,y € Dy}
- (x,y)E(x,y") fxEx andyEy'

- Dy X D, is also a CPO.
- The above C is a partial order.

* {x,y) E{x,y)
- If{x,y) E(x',y') and (x’,y') E (x", y"), then (x, y) E {x",y")
- If {x,y) E (x,y') and (x",¥") E (x, y), then (x, y) = (x',y")
J‘D1><Dz <J'D1 J‘D2>
« For {xy,y1) E (x2,¥2) E{x3,¥3) E - E{x;,y;) E -,

L2 (g, ) = (U2 x 172 ;)



Example of Product
B} X B Hasse Diagram (B, XB,)XB,

(t, tt)  (ff,tt)  (tt, ff)  (ff, ff)

=\

(tt, L) (ff, L) (L tt) (L, ff)

T~/

(L, 1)



Boolean Functions

-not:B - B
ff tt
not tt ff
° nOtJ_: BJ_ — BJ_
1 ff it
nOtJ_ 1 it ﬂ:
cand:BXB—-B
and ff tt
ff ff ff

tt

tt

cor:BXB - B

or

ff

tt

ff

ff

tt

tt

tt

tt




Extension of or

sor;:By XB, 2B, corg:B, XB, - B,

or; 1 ff tt orp ff tt
1 1 1 1 1
ff 1 ff tt ff ff tt
tt 1 tt tt tt tt tt

’Orp:BJ_XBJ__)BJ_

or; 1 tt orp i tt
1 1 1L
ff ff tt o o H
tt tt tt tt tt H




B
Conditional Function

ccond:B; XN, XN, - N|
- cond(L,x,y) =1
- cond(tt,x,y) = x
- cond(ff,x,y) =y

- cond Is continuous.
- It Is continuous because it is monotonic (using the next property).
- It is not strict with respect to the second and third arguments.



Property of Continuous Functions

Domain Range

- When the rank of its range is finite,

- a function is continuous, if it is
monotonic. f R

- f:D; X D, = D5 IS continuous, if and only if
- for any value b € D,, f,: D; = D5 IS continuous
fo(x) = f(x,b)
- for any value a € D,, f¢: D, — D5 is continuous

) = f(a,y)



Functions Assoclated with Products

- Projection: PSS o (X)) oceeeomees >y
'T[l:DlXDz_)Dl .
- ((x,y) =x < ! T2
D; . D{ XD, - D,
¢ 7T2:D1XD2 _>D2 L - L
¢ nZ((-xty)) =Yy
poa(ln) Lo y

- Injection (embedding):

. 1,:Dy = Dy X D,
iy (x) = (x, J—DZ)
- 1,:D, = D; X D,
L) = (lD1;Y>

e Lom(z)Ez
* ,om,(z) Ez
e mo(x)=x
* myou(x)=1p,
« mpon(y)=1p,
* Mok (y)=y



Co-Product (Sum, Disjoint Union)

- D; + D, Is the co-product of CPO D; and D, when:
D1+ Dy ={{x,1) [x € D1} U{{y,2) | y € D2} U{Llp,4p,)}
c(x,)EX, 1) =oxE X

c(V,2)E(y,2) o yEY 5
* Llp,+p,E (x, 1) 1 D

‘ J‘Dl‘l'DzE (y’ 2)

- D; + D, Is also a CPO.

- The above C is a partial order. 1p,+p,
* Lp,+p, IS the bottom element.

- Any ascending sequence has the least upper bound.



Example of Co-Product
B, + B, Hasse Diagram - (B,+B,)+ B,

(tt, 1) (ff, 1)  (tt, 2) (ff, 2)

NSNS

(L,1) (L, 2)

\/

1



13

Smashed Co-Product (Smashed Sum)

- D;®D, is the smashed co-product of CPO D, and D, when:
* D1®D; = {{x,1) | x €Dy, x #1p JU{(y,2) |y € Dy, y #1p,} U{Llp, 4p,}
c(x,)EX, 1) =oxE X
- 2)EY,2)eyE)Y
* 1p, @p,E (x,1)
* 1p.@p,E (¥, 2)

1p,+p,



Functions Assoclated with Co-Products

- Projection:

________ ° P
- m1:D; + Dy > Dy xS o 2) >y
- m({x, 1) = x 9 ,
- 1 ((y,2)) = Lp, D, < . D;+D, > D,
‘ 7T1(J-D1+D2) =1p, I ] Ly

° 7T2:D1 +D2 - Dz
‘ T[Z((xil)) = J—Dz X ®--------- > (x; 1) (y, 2) D Sl A y
- ((y,2) =y

. 7T2(J-D1+D2) =1p,

e om(z)Ez
* ,om,(2z) Ez
* Tq0° L1(x) =X

- Injection (embedding):
° ll:Dl - Dl +D2

¢ ll(x) = (xr 1) )
* T,ol(x)=1
_— (J-Dl) =J—D1+D2 2 1( ) D,

. o = |
* 1,:Dy, =» D; + D, i Zloizgy%= Dy
© () =(,2) — 2°LVI=Y

© L (J-Dz) =1p,+p,




Function Space

- [D; = D,] is the function space from CPO D, to D, when:
- [Dy = D] ={f:D; = D, | f is continuous}
- fEf"if forany x € Dy, f(x) E f'(x)

- |[D; = D,] is also a CPO.
- The above C is a partial order.

* Lp,-p,] (x) =1p,
© FOFf1§f2 ;fgg"';ﬁ;“',

(U2, fi)(x) =ui2y fi(x)

- Projection and Injection:
-« w:[Dy - D] - D,

- n(f) = f(L) . LOTL'(f)Ef
{' mot(y) =y
* 1: Dy = [Dg > Dy]

) =y



Projection and Embedding

Dy < D,
-m:D, - D; Projection
-t:D; > D, Embedding
ctom(y)Ey tom E idp,

cmot(x) I x mot 3 idp,

- Product: D; X D,
° Dl A Dl X Dz
° Dz < Dl X Dz

e SumD1+D2
’D1<D1+D2
’D2<D1+D2

- Function Space: [D; = D,]
* D, < [Dy - D,]



Summary

- Domain construction
- Flat domain
- Product
- Co-product
- Function space



Homework

- Write the Hasse diagram for (B, + B,) X B}

- There are 7 elements in B, + B, and 3 elements in B, , therefore
there should be 7 x 3 = 21 elementsin (B, + B,) X B;.
ceg. <<ttl1>ff> <L tt>, -
- Write them all and connect C relation between elements.
- Place larger elements on top of smaller elements.
- Write non-trivial relations, omitting reflective and transitive relations.

B, +B,
(tt, 1)  (ff,1) (5, 2)  (ff, 2) B,

\/ \/ [ |

- (L, 1) (L,2) - X 4 N\ / r

\/ T

1




