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EXISTENCE AND MEAN APPROXIMATION OF FIXED POINTS
OF GENERALIZED HYBRID NON-SELF MAPPINGS
IN HILBERT SPACES

TOSHIHARU KAWASAKI

College of Engineering, Nihon University
toshiharu.kawasaki@nifty.ne.jp

In this talk, we show a fixed point theorem for widely more generalized hybrid
non-self mappings in Hilbert spaces. Furthermore, we show mean convergence
theorems of Baillon’s type for widely more generalized hybrid non-self mappings in
a Hilbert space.
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A note on BLO martingales

Eiichi Nakai (Ibaraki University)
Gaku Sadasue(Osaka Kyoiku University)

In [2], Coifman and Rochberg gave a characterization of BMO functions
on R™. They showed that a locally integrable function f is in BMO if and
only if there exist non-negative constants «, 3, non-negative locally integrable
functions g, h and a bounded function b such that f = alog M g— [ log Mh+b
where M stands for the Hardy-Littlewood maximal operator.

To prove this characterization theorem, they introduced the notion of
BLO functions, and showed the following two facts. The first is that any
BMO function f is represented as a difference of BLO functions, modulo
bounded functions. They showed it by using Carleson’s representation of
BMO functions. The second is that f is in BLO if and only if f = alog M g+b
where «, g, b are the same as above. They showed it by the use of the relation
between BLO functions and A; weights.

In martingale theory, Varopoulos ([7], [8]) defined the class BLO for con-
tinuous martingales. He introduced the notion of v-graded sequences of stop-
ping times, and gave a representation theorem of BLO martingales in terms
of ~-graded martingales. He also showed that BMO martingales are repre-
sented as a difference of y-graded martingales, modulo bounded martingales.

Later, Shiota ([5], [6]) introduced the notion of BLO martingales for more
general continuous parameter martingales including some discontinuous mar-
tingales. He extended Varopoulos’ results to this general martingales. He also
gave Coifman-Rochberg type characterization of BMO martingales.

For discrete parameter martingales, the notion of BLO martingales was
introduced by Long [3]. He showed several basic properties of BLO martin-
gales.

We recall Long’s definition of BLO martingales.

Let (£, F, P) be a probability space, and {F,},>0 a nondecreasing se-
quence of sub-o-algebras of F such that 7 = o(|J, F,). The conditional
expectation operator relative to F,, is denoted by F,,.

A sequence of integrable random variables f = (f,,)n>0 is called a mar-
tingale relative to {F, },>o if, for every n, f, is F,, measurable and satisfies

For a martingale f = (fn)n>0 relative to {F,},>0, denote its martingale

difference by d,,f = f. — fn_1.



Definition 1. Let f = (f,)n>0 be a real valued uniformly integrable mar-
tingale relative to {F,}n>0. We say f is in BLO if there exists C' > 0 such
that

(1) fn < f4C,
(2) d.f| < C
for all n.

We note that, when each F,, is generated by countable atoms, (1) means

sup (fp —essinf f) < C,
BEA(F) B

where A(F) denotes the set of all F,, atoms and fz = [, f dP/P(B).
In this talk, we will give some properties of BMO and BLO martingales.
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Directional maximal operators and radial weights on
the plane

Hiroki Saito (Tokyo Metropolitan University)*!
Hitoshi Tanaka (The University of Tokyo)*?

Introduction and Results

Fix N > 1. For a real number a > 0 let B,y be the family of all cylinders in
the n-dimensional Euclidean space R™, n > 2, which are congruent to the cylinders
with height Na and width a, but with arbitrary directions and centers. For a locally

¢

integrable function f on R™ the “ small” Kakeya maximal operator K, y is defined by

Ko f(z) = sup ﬁ /R ) dy

IEEREBGYN

and the Kakeya maximal operator Ky is defined by

Knf(x) :=supKonf(z),
a>0
where |R| denotes the Lebesgue measure of R. It is conjectured that Ky is bounded
on L"(R") with the norm which grows no faster than O((log N)**) for some a,, > 0
as N — oo. In the case n = 2, this conjecture was solved affirmatively by Cérdoba [5]
with the exponent ay = 2. In the higher dimensional case, n > 2, these estimates were
proved so far only for some restricted class of functions.
A more powerful but complicated maximal operator has been studied on the plane.
Let Q be a set of unit vectors in R? with cardinality N. For a locally integrable function
f on R?, the directional maximal operator Mg is defined by

1
Mqof(z) = sup —
af (@) r>0,o£)€ﬂ 2r

/r |f(z +tw)]| dt.

Stromberg [14] showed that if €2 is an equidistributed set of directions with cardinality
N then
Mo flz2@2) < Clog N|| f]l 22 (1)

Notice that (1) yields the sharp L?*(IR?) estimate of the Kakeya maximal operator Ky,

since we have

Knf(z) < CMqof(x).

Katz [8, 9] established that (1) holds without the condition that €2 is an equidistributed
set of directions.

Alfonseca, Soria and Vargas [1, 2| proposed a new method to study this operator
and they got a simple proof of the Katz result. In this talk we investigate the weighted

% — U — | : almost-orthogonality principle; directional maximal operator; radial weight; strong-type
estimate.

*le-mail: j1107703@gmail.com

*2e-mail: htanaka@ms.u-tokyo.ac. jp



version of their method and we obtain a weighted version of the Katz result. In order
to state our theorem, we first introduce some notation.

Let 2 be a subset of [0,7/4) and w be a weight on R?. We define the weighted
directional maximal operator Mg, acting on locally integrable functions f on R?, by

1
Maof(e) = s o [ |ty
where Bg denotes the basis of all rectangles with longest side forming an angle 6 with
the z-axis for some 6 € Q, and w(R) denotes [, w. Let Qo = {0y >0, > --->6; > ---}
be an ordered subset of 2. We take 6, = 7/4 and consider, for each j > 1, sets
Q; = [6;,0;_1) N, such that 6; € Qg for all j. Assume also that Q = [J§;. To
each set €;, 7 = 0,1,2,..., we associated the corresponding basis B;. We define the
weighted maximal operators associated to each basis for 2; by

1
MQ',wf(x = Sup ——3 f Yy w<y)dy> ]:Oa1727
! ) rEREB; U)(R) R | ( )‘

Throughout this talk we always assume that the weight w is a radial weight: w(z) =
wo(||x]|;2) = wo(|z]) for some non-negative function wy on R;. We assume further that
wq satisfies the following two conditions:

Doubling condition: For all 0 <1y <rj <71l <1y < oo with 19 — 7 =2(ry — 1)),

/

/T wo(r) dr < C / wo(r) dr: @)

1

Supremum condition: For all 0 < ry < ry < 00,

sup wo(r) < ¢ /T2 wo(r) dr. (3)

r1<r<ra ro—"T1Jp

Notice that r* with a > 0 satisfies these conditions.
The main result of this talk is the following:

Theorem 1 Let w be a weight satisfying (2) and (3). Then there exists a constant C
independent of §) such that

| Mol 2(w)— L2 (w) < sup | Mo, wll 22 ()= L2 (w) + CllMagwl| 22 (w)— L2 (w)
>
where ||T'|| 12(w)—12(w) denotes the operator norm T : L*(w) — L*(w).

Corollary 2 Let Q be a set of unit vectors on R?* with cardinality N > 1 and w(x) =
|z|*, a > 0. Then there exists a constant C' depending on only a such that

||Mﬂ,w||L2(w)_>L2(w) < C'log N.
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