A note on the fractional integral operators on weighted
Morrey spaces
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Forr > 0,let Q. ={y e R*" : |y| <r}or Q. ={y = (y1,92, - ,yn) € R":
maxi<;<n |¥i| < r}, and for x € R, let Q(z,r) =2+ Q, = {z+y :y € Q,}.
For a measurable set G C R"™, we denote the Lebesgue measure of G by |G| and
the characteristic function of G by xg. Further, for a function f € L} _(R") and a

loc

measurable set G C R" with |G| > 0, let fo = fz, f(y) dy = \_él Jo f(y) dy and let
Ny = N U {0}.

First, we recall the definitions of the non-homogeneous central Morrey space
BPAR™) and the A-central mean oscillation (A-CMO) space CMOP*(R™).

Definition 1. For 1 <p < oo and —n/p < \ < o0,

A n D n 1 l/p
BPARY) = feLlocaR):||f||Bp,A=sup—A<][ If(y)|pdy) <o
r21 T Qr

and
A 1 1/p
CMOP([R") =4 £ € L (B [flewions =5 (17000 = fo.Pay) - <o
r> Qr

On the other hand, we introduce the "new” function space, i.e., the generalized
A-CMO space Agﬁ\(R”) (see Garcia-Cuerva and Herrero (1994), Komori-Furuya, M.,
Nakai and Sawano (2013); cf. Nakai and Sawano (2012)).

Definition 2. For 1 < p < oo, d € Ny and —n/p < X\ < d + 1, the function
fe Ly (R™) will be said to belong to the generalized \-CMO space A;?;\(R") if and

loc

only if for every r > 1, there is a polynomial Pf of degree at most d such that

1 1/p
1l = sup — ][ ) — PP dy) < oo.
pA 21 T NJQ,



Next we recall the definitions of fractional integral I, and modified fractional
integral /.

Definition 3. For 0 < a < n,

Liw= [ A

n |z —y|ne

faf(w)z/nf(y)( ! —“X@(y))dy.

|z — y[ne |y |

and

Recently, in M. and Nakai (2011) (cf. Komori-Furuya, M., Nakai and Sawano
(2013)), from the B,-Morrey-Campanato estimate for I, we obtained the following
as the corollary.

Theorem 1 (cf. Komori-Furuya and M. (2010)). Let 0 < o < n, 1 < p < 00 and
—n/p< A< —a+1. If1 <qg<pn/(n—pa) and X+ a = u, then

I, : BP(R") — CMO%*(R™).
Now we introduce the following definition of generalized fractional integral fmd.

Definition 4. For 0 < a < n and d € Ny, we define the generalized fractional
integral (of order a), i.e., I, 4, as follows: For f € Li (R™),

loc

~ QJZ
Loaf(@)= | f)qKale—y)— | D T(D'ED(=y) | (1= xa®) p dy,
e {tlil<dy

where
1

- |x’n—a

K, (z)
and D' is the partial derivative of order | = (Iy,la, -+ ,1,,), i.e.,
D' = (0/0x1)1(0/0x3)"2 - - - (0/0x,)™.

Then as one of the results for a generalized fractional integral joc,d we can get
the following strong estimate on BP*(R™), which extends Theorem 1.

Theorem 2 ([M]). Let0 < a<n,l<p<n/a,deNy, —n/p+a<i+a=p<
d+1 and g =pn/(n —pa), i.e., 1/¢g=1/p —a/n. Then

Ioq: BPMR") — Agfl;(R”).
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FEIMFERIRIEE D ERITEIZ DT
P R CHBK B AR RIERHEERIJER « FACKF IR ST

Li, ZH, Song (X [3] 12T Tl pRMEZZ A EOFNMERR 7 7 ¥ A Borel I EE DY
HIZT Ry GRIEAD MEAELY D Z & &R Lz, (]I T Riesz ZZM A3 2 H
Egoroff % FF D55 1258 72 LIRAT 2 > X7 R FREEZER B O FINIER 72 Riesz ZE[H]
(B2 B D Fuzzy MIEER 7 RoME (GRIEAIME) 26 >Z & &R L7, fith 2] 1B\ T,
Li & mesir (2 X 0 IEIERHIEE DS Egoroff © B P & psuedmetric generating property %
W72 THEEICHEOERMENGOND Z LRI

AGHE TIE, FEINERIRIEEIZ )T, JIEEDS Egoroff O EBE & psuedmetric generating
property /=35 E, M ETLIXRAT2 N7 N Th DRy e BEZzER] ETT Ko
(GRIEH]) MERBEOND Z EZ2WMETDH. BICEREOLAE CTOMREZ R0, FIE
FERIALARZE B 2 IR D BT OV TH F L L.

IR, BB % N, ERaR%E R, (X, F) Zz alZE# &3 5.

& 1. £6BBu: F— RIZ
(1) u(@) =0, (ii)) A, Be F TAC B 2bFp(A) < u(B) zZlli7=3 & &, FFMMERH]
J¥ (non-additive measure) &9 . AT pl33ENMERIIIEE & 95

EE 2 (1) EBEI{AFCFLAe F A, L ARSI lm, o u(A,) = pu(A) 237
T & &, p 1L BB (continuous from above) LN .

(2) £BH{A Y CFEAeF BA, T ARGITlim, oo p(An) = p(A) i/l 3 & X,
1L N BEEfE (continuous from below) &5 .

3) pB ENBEEEN O T NLERETHLIGE, 77 VAHETHDL LN,

(4) G p BHFIMENTHD LI1TA B e FAu(A) =u(B)=0TdH5s & & u(AUB) =
DT EERND.

) 265 1 DY pseudometric generating property Zis7- T L I1L, ALED ¢ > 0IT%F L,
>SONFEL EEDA Be FIZOWTu(A)Vu(B)<d 2blE u(AUuB) <e &7

E&E 3. BABSu: F— EI3IEIMEMRE LTS,

(1) 2EHEAFI {A,,} C F 1

(D1) myn,n’ e N Tn <n' 25T Ann D A
(D2) u(Un_y Moy Amn) =0

Zlmlcd & &, FIZBWT p-reqgulator TH5H LW 9.
(2) p 2% Egoroff &M% 7= 9 & VIR D p-requlator { Ay, n} EAEE D e > 01TKF L,
EDBELEN {n,, } DAFEL (U Apn,) <e&2HZ L THD.
LT DOEBMNIL L TWD [4].
EBE 1. EEGBEBu: F— EFFRINERRE L T5. ZOLEROFMITIFEETH %:

(i) Egoroff ®EEEN p 1Z6F L THNLT 5.
(ii) p % Egoroff ZefhAli7= .



EE 4. u:B(X) = E% X _EOIENER Borel . pn 8 ERITH D EI3EEDe >0
EAEBX)ITHRL, AEAF. LHESGC. DHELE. CACG. L n(GoNF) <ec%
i

X % Hausdorff Z2f#]. B(X)IZX VY X ® Borel S35 H AN 5725 o iR, 372 b DOBALE
BB 5 ol B(X) ECTER SN DIFMEMHIEZ X EOIEMIER Borel JIIE &\
. ZOEELITD BRALT 5.

Li & Mesiar 2] IZE W LT ORERDEFHILD.

EE 2. X ZHEEEZER & U, u: B(X) = R%& X _ED Egoroff 4 & psuedmetric gener-
ating property Z i 729" FIENVERY BorelAIFE L3 5. 2o L & piTiEA.

E&E 5. u:B(X) = R%E X EOIEINER Borel IE LT 5.

(1) u737 Ko BRIER]) ¥E% 5o 134 A € BX) Tkt L, =287 MEG O Ky ey
EBIEA DI G nen PFIELTRTOn € NIZOWTK, C A C Gy limy,_yoo (G \
K,) = 0230 3o,

(2) uAtight T D E1x 2237 MEBOFN{K, ey D3 limy, oo p(S\ K,) = 0 Z i 7=
TETHD.

Li, ZH, Song [3] & {Wi& [1] 7 7 A PEIZHBIT DFERD G, FENNERIHRIE A
Egoroff 24+ & psuedmetric generating property Z 7= H&1CH 7 Ko GRIER]) M
DN T SN D R FEER, LU O 22D FEIRMEL Y 32D,

EE 3. X 25l nl /e iiiEzem e U, u: B(X) = R% X _EOIENER Borel JIE &
T 5. uBNIHEINERIT Egoroff &b 272972 HIX pid tight. & HIZ u S pseudmetric
generating property & Eqgoroff &M 272372 61X pix7 Rz 6.

EE 4. X ZJ{pra 7 FCA R EREER & U, p: B(X) = R& X EOIFMER
Borel{|f£ &35 . uhs pseudmetric generating property & Eqoroff &b & fi 72972 513
plx o Rz 6o,

25 3K
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% 1% (BINRFETLE)

Weak convergence of measures on a topological space not only plays a very impor-
tant role in probability theory and statistics, but is also interesting from a topological
measure theoretic view, since it gives a convergence closely related to the topology
of the space on which the measures are defined. Thus, it is possible to study weak
convergence of measures on a topological space in association with some topological
properties of the space, such as the metrizability, separability and compactness.

Nonadditive measures, which are set functions that are monotonic and vanish at
the empty set, have been extensively studied; see Wang and Klir [3]. They are closely
related to nonadditive probability theory and the theory of capacities and random
capacities. Nonadditive measures have been used in expected utility theory, game
theory, and some economic topics under Knightian uncertainty.

The notion of weak convergence of nonadditive measures was formulated by Girotto
and Holzer in a fairly abstract setting [1]. Some of their fundamental results for weak
convergence, such as the portmanteau theorem and the direct and converse Prokhorov
theorems, have been extended to the nonadditive case. In particular, the portmanteau
theorem allows us to show that the weak topology, which is the topology generated by
weak convergence, coincides with the Lévy topology, which is the topology generated
by convergence of measures on a special class of sets.

In this talk, we will present successful nonadditive analogs of the theory of weak
convergence of measures with a particular focus on metrizability and we will also
supply weak convergence methods to related fields; see [2,3].

[1] B. Girotto, S. Holzer, Weak convergence of bounded, monotone set functions
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A=V v FEMOEAZER & L TOIURIZ
ClANE

AR —RE

JedeE SKRESeE (1] 134 — VU v FZEM] LY, @ Luxemburg-Nakano(L-N) /
VBT K% Cauchy FiEA—Y v F2EM 2 BEALZEM E LTIV D & -0k
L. 22, r-IURT 57 L-N / L AT Cauchy ¥ TR\ ONGFET HH %
AUE Lo, X, dB5e4& 2] 134 —Y v F2ZE[M D L-N /)L LI K DA
LIBWOTIERW ), EW ) EEZRESN, 2O VWTO—2DF R &
LT, B oEE A — U v F 2RI AL TICRMEE Z 2 HiLE Lz,

ZIZTIEHETP. A=V v FZEMD L-N /v A2 X% Cauchy FlIXFEAL 22 [
ELTHE KL, 22 -T2 23 L-N / L AT Cauchy 5T\ EH D
DAFAET D FOBEERA 2 5 2 £, B2 ORF&EIE, L), Ot f, ©
preneighborhood U, (fn; an, €, ) @ fundamental sequence & FEEAL 54
B8 {UL(fr; 0nsen)}ty Up D Uy when n < m, IZE->THXBNET,
fundamental sequence X 2 FEHZ 2 541, O f,, BHIZF L H D, f, = f for
alln e {0}UN £Q@ f, # fmforn#m THDHHLDOTY, Rl {f,} >N
T, OD %A 7' ® fundamental sequence{U, (f; an,en)} PMEEL THEED n
W2t LT g MFAE L TEED m > ng l229WT frn, € Un(f; nyn) OFE{fn}
IR THEEVWET, 2F Y L-N /L AIZL S Cauchy 41 {f,} I
DWT EOFE A7 fundamental sequence{Uy (f; an,en)}, f € L} BMHE
T5HEERLET, 2O Uy(fian,en) D Un(f; tm,em) 7251E an < am
THLEPHEREREE 2 HDET,

WIZA— VU v FZEM DD X A 7D fundamental sequence{ Uy, (fn; @n,en)}
WZDWTEH Un(fr; nsen) D Uni(Fns Qs em) B ap <y THDHZ &%
RLET, ZOZ LITE Y A—V v FZEH TO fundamental sequence
{Un(fn; o, £0)} 126 L C fundamental sequence{V,,(f; an/2,€,)}, f € L,
Up C Vo WFIET2HEETEQDOXATTH {fu} B fIC-IRT2ENS
ZFET,

SE X
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Shepp Z2[H] Ao(f) O#RIENE & doubling

dimension

KHHI (JUTR) RN (JLTR)  FERHE (JuUR - B HIR)

F(#0) € Ly(R,dz), 1 <p < +oo Ik LT, A (f) A TERSHS:

A(f) = {a:{ak}eR‘X’

dg(a,O) < +oo} :

dl(a,b) = (Z/_+Oo\f(m—ak)—f(x—bk)]pda:>p, a,bc R

Z OFEDZE DI Ee N BLAVTZ DI Shepp [7] THS. dQ = p(x)dx % R O
TAET p(x) >0 (ae. dr) T 5E Q DIT R EOMEREAEFHERMIE 1= Q>
ZEDDH. a={ar} € R*IZx LT, FTBE) ug %

Ha(A) = p(A - a)

EED,
E(u):={a € R™ | u~ pa (B\IZHERHERE)}

L EFT 5. Shepp (% Kakutani OEER [5] M55 2 L1 (1) = Ao (/)
LB EERL, EBIT E(p) Cly WV NEDZ L, £2 F () by L2572
DREA RN Z H- 2 T

o 13 Shepp OFEFUICHE I Z 45 TH LWERSIZER A, (f),1 < p < +oo ZER
L, BHFIZOE VW EEZTHRTE . 22 THFME L7z Shepp Z50& LT AL(f)
Z [Shepp ZZM| &4fFF5Z &2 L.

Shepp ZEM (A, (f), df) X b, ODFBEETH Y, Bix OBIL S 2 HH) 22 W % B
ELTHEATVDS 2 [ 3. Ap(f) 1 i?ﬁ%%ﬁ?’ﬁﬁﬁ%@ df (a,b) 12 &0 RCFEINEE & 72
D08, —MRITITHIZZE M Tl if£< 1, 6], F7=FF2= el L T BARM 72 R 8L & WA
TRV, % T A (f) D3RI //“F’ﬁ@:éﬁéfc@@%#, B DT A (f) DEFNC X
% BARH) 72 BB ORIl 72 EARIE & 72 S

2010 Mathematics Subject Classification: Primary 46A45; Secondary 46A16, 46B20
Key words and phrases: %3122, AS(f), A2(f), AS(f), doubling condition, doubling
dimension, #RIEM:



p =2 OHRFIFT—Y =24 L doubling dimension OBEZZFEANY 5 Z LI
FoTINOOMEICT e —FT&D. fe Ly, D7—) kW% fla) &L,
= [ Q?|f(@)Pda EEFET D, T 2T #AWT OOMFIZEM 2 HAS

5. No(f) ORNMLEEIZER:

= o | et () + 5[
_{a

Qda < —I—oo}

S (i) o)

Thod. ZHNHOZEMOEICI @Euﬁvg{-ﬁ AS(F) € As(f) C Aw( ) C Ly DY
D AY(F) 1 Ao(f) DI KOBIEERZERITH D, BRI AY(f) = A.( ) (L7=
BT AYf) = Ao (f) = AS(f)) @k%AQU) (B ﬁ“F‘ﬂﬂ% —J7, doubling

dimension 1FRD L H IZEFTINA.
Definition 1. [3] [0, 400) EDIFAREE p(x) 73, HDEE b IZTx LT,

. p(Tx)
D(h;p):= limsup su
( SD) a:—>+oo,<p(£))7$0 Tzll) (p(.ﬁl])Th

< +00

L 72% L% ¢ 1% doubling condition #Jii/=9 & 5 9.
H(p) :=inf{h | D(h;p) < +o0}
% ¢ ® doubling dimension &5, 72721, inf () := +o0 & 5.

COMEEEAT D 2 LISk T, Hpy) <2 72 51E AYf) = AL(F) (Li=hso
TIDEE N(f)ITBIBEZER & 72 5), BELNTWD [3]. O EDO0E
DRKRIER T o7, ZOTOW G T 5 2 & NGEHTE 7. 2 OWE DGR
DHHTHS.

Theorem 2. {LE D f(#£0) € Ly IZxF L TIROFHEILFETH 5.
(C.1) AS(f) = AZ(f)(= Aa(f)).
(C3) H(pp) <2, T7bb, &5 e>0BPFELT

TX
lim sup sup L)

< 40
X—4oo T>1 SOf(X)T2_E

R Y N,
FAERRCIZR OAIEN EE R L 70 D



Lemma 3. %6 X EOIFEARH O(x), ¥(z) IZOWT,

(1) U(z) ITAER, >
(2) >, ®(a,) < +00,a, € X 1B Y V(a,) < +oo NEPND

LD ZOLEHDLER B>0BHFELT VU(r) <Bd(z),zeX L5,

LaaL, AJ(f) = AS(F) 1E Ao(f) DIBIBZERNC 72 B T2 O DB T v,
B, IRDRBINFAET .
1

Example 4, f(a) = m]‘(*007*6}U[67+00) &‘é—ZD & H(@f) =9 “Gﬁ)é N &
& Ao(f), AS(f) 1T & BIHIBZERTH D23 AY(f) = Ao(f) S AS(f) THD.
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Semiclassical limit of the Schbdinger kernels on theh-Heisenberg group
Toshinao Kagawa
Tokyo University of Science, Department of Mathematics,

We consider théi-Heisenberg group defined by inserting a parameter 0 in the group law
of the Heisenberg group,

h
(@) () = (ot B bt gland]). (a2 (Bu) € € xR M,
where the anti-symmetric bilinear for, 8] of « = (21 + iv1, -+ , 2, + iy,) @NASG = (ug +

vy, -, U, + vy, ) is defined by

n

o, 8] = Im (e, ) = Z (yiu; — zivi) |

=1

and(-, -) denotes the Hermitian inner produgtHeisenberg group tends to Euclidean space when
we take the limit as tends ta0.
The left invariant vector fieldX(;, Y; andZ on h-Heisenberg group are defined as

0 h 0 0 h 0

and Z=2 for j=1,...,n

X - 2 5 Y yv_ 2 .Y
7 Oxy + 2Yig, dy; 27792 0z

The sub-Laplaciai, onH}, ., is defined by

n

Ln==2_ (X7+Y7)

i=1

h 0? i 0 g\ 0
NN o SN AN
4 Z(l”] +y])022 +h; (%ayj yj(%@) 0z’

7=1
where
n 82 82
A= (_ ; _) |
; dxs Oy

The h-Heisenberg groupt? and the sub-Laplaciag;, can be seen in [2]. The heat kernels
of the sub-Laplacian oh-Heisenberg group are constructed by scaling Fourier Wigner transform,
and the limit of the heat kernels is considered wheands ta0.

We define the convolution oK, , | by

(f #2 ) 00, 2) = / F(Bow)™ 1 (0, 2)g(Bow)dBdw,  (a,2) € Heer.

h
H2n+1



Then the solution of the Sabdinger equation

0
<Z§ + Ch) Ut(Oé, Z) = O,
with the initial conditionUy(«, z) = f, is given by
Ut(Oé,Z) = Stﬁh *H fa

with the fundamental solutio" since the sub-Laplacian is left invariant. We caff" the
Schidinger kernels.

We construct the Scbdinger kernerh of the sub-Laplaciait; on theh-Heisenberg group
based on the Mehler’'s formula, explicitly. We show that the 8dhrger kernel can be seen in
tempered distributios’(R?>"*!), and there exists the limit of the S¢iinger kernels when h tends
to 0. We call this semiclassical limits.

The following lemma gives that Sabdiner kernel can be seend(R**1).

LEMMA 1. Forall n € N,

isinS'(R).

sin” «

THEOREM 2. The Schddinger kerneleh of £, is given by

1 i 1 (hT)n ShT ) 12
S»Ch _ iTZ i o cot(h‘rt)d e h t € R. 1
o) = g | e (02 € My )

where the integral is the partial Fourier transform in the sense of tempered distribution.
THEOREM3. Forall («, z) in R**+1,

| P T
}ng%sfh(a, z) = (2m) WWG w0(z),

whereS/" is given by(1).
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Triebel-Lizorkin spaces on the Heisenberg group

Guorong HU (University of Tokyo)

This talk is based on [4]. We are aiming at generalizing the theory of Triebel-Lizorkin
spaces from FEuclidean space to the Heisenberg group. Recall that the Heisenberg H" is
the Lie group whose underlying manifold is C" x R and whose multiplication is given by

n
(21, s 2myt) - (21, 20, 1) = (zl—l-zi?--- ,zn—i—z,/@,t—i—t/—l-QIm(szz?)).
j=1

A natural basis for the Lie algebra of left-invariant vector fields on H" is given by

0 0 0 0 0
T=—, Xj=——-2yi—, Y, :=—+2z,— =1, ,n.
o T ag, Mgy T gy Tigy 1T LT
The only nontrivial commutation relations among those are [X;,Y;] =T, j =1,--- ,n.

Due to these relations, the non-elliptic sub-Laplacian

n

L:=) (X]+Y}),

Jj=1

on H" is still hypoelliptic. The sub-Laplacian takes over in many respects of analysis on
H" the role which the Laplacian plays on Euclidian space.

We introduce Triebel-Lizorkin spaces on H" in terms of Littlewood-Paley type de-
composition related to £. Let S(R;) denote the space of restrictions to Ry := [0, 00) of
functions in S(R), and let ¢, ¢ € S(R;) such that

cp(()%“)(O) =0 forall ke NU{0} (1)
supp o C [0,2] and |po(A)| > c>0 if A€ [0,5/3] (2)
suppe C [1/2,2] and |p(A)|>c¢>0 if A€ [3/5,5/3]. (3)

Definition 1 ([4]) For —oo < s < 00, 0 < p < 00 and 0 < g < oo, the Treibel-Lizorkin
space F (H"; @0, ) is defined as the collection of those f € S'(H") for which

< Q.
Lp(H")

£l 5, (Bimsp0.0) = H <§% ‘¢j(\/j)f{q> 1/q
=

Here and in what follows, ;== o(277+) for j > 1.



It is not clear from the definition whether the finiteness of the quasinorms ||-|| F3 o (H00,0)
depend on the choice of ¢g, . In order to show that a different choice of g, ¢ yields e-
quivalent quasinorms, the following Peetre type maximal function is useful: If f € S’(H"),
©0,¢ € S(R4), and a > 0, define

i (V—L) [ (v)]

)r(u) == , H", jeNU{0
((p]f)a(u) Usél]l-l]lzl (1+2jHU—1 _uH)av u < y JE { }7

where || - || denotes the Kordnyi-Folland gauge on H".

Proposition 1 ([4]) Suppose that —0 < s < 00, 0 < p < 00, 0 < ¢ < o0, a >
(2n+1)/min(p, q), and that (o, p) and (Po, p) are any two couples of functions in S(Ry)
satisfying (1)—(3). Then there exists a constant C > 0 such that for any f € S'(H")

(Sro),,., el(Earvor)”

It follows from Proposition 1 that prq(]HI"; ©0, ) are independent of the choice of ¢y
and ¢, as long as g and ¢ satisfy (1)—(3). Hence we may omit ¢y and ¢ in the nota-
tion F  (H"; w0, p) and write F; (H") instead. It turns out that Fy; (H") unifies several
formerly studied function spaces on H" such as Lebesgue spaces, (the local version of)
Hardy spaces ([3]) and fractral Sobolev spaces ([1], [2]). We investigate further properties
of F, ,(H") including the following:

LP(H" Lo(Hn)

1. Real and complex interpolations.
2. Embedding and dual.
3. Atomic decomposition.

We also consider homogeneous version function spaces FEq(H”), and obtains the
Fy ,(H")-boundedness of a class of convolution singular integral operators, which includes
the Riesz transforms X;(—£)"Y/2, Y;(=£)"Y2, j=1,--- ,n.

We remark that all our results hold on general stratified Lie groups as well.
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ABSTRACT

We study the boundedness of unimodular Fourier multipliers on Wiener
amalgam spaces. For a real-valued homogeneous function p on R™ of degree
a > 2, we show the boundedness of the operator e(P) between the weighted
Wiener amalgam space W27 and WP4 for all 1 < p,q < oo and s > n(a —
2)|1/p—1/2| +n|1/p—1/q|. This threshold is shown to be optimal for regions
max(1/q,1/2) < 1/p and min(1/q,1/2) > 1/p. Moreover, we give sufficient
conditions for the boundedness of () on WP for o € (0,2).





