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Duality between Herz-Morrey spaces of variable
exponent

Yoshihiro Mizuta (Hiroshima Institute of Technology)

Let G be a boundded open set in R". For g € G and 1 < ¢ < o0, we
consider the small Herz-Morrey space HY gz’}q’w(G) of variable exponent consisting
of all measurable functions f on G satisfying

2dc 1/q
q
o= ([ oo ar/r) <
Hi,o

where p(-) is a variable exponent and w(xg,-) is a positive monotone function.

We also consider the grand Herz-Morrey space Hﬁgf’”((}) of variable exponent
consisting of all measurable functions f on G satisfying

2d¢ 1/q
q
I lapoeo = (| oo loorcusunn)"drfr) <o

Our aim in this talk is to discuss duality between these Herz-Morrey spaces.
For example, we show the following result under some conditions on weights.

THEOREM. Let xg € G and 1 < q < oo. Suppose there exist constants
a,b, ) > 0 such that

2dg d
(1) / w(zo, 5)* ?S < oo (g<o0) and w(xp,0)= %I;gw(xo,t) =0 (¢ = 00);
0
t , ds ’
(2) / sPw(zo,8)"7 — < Qt"n(x0,1)7; and
0 s

2 , ds ’
(3) / s'n(zg, )T — < Qtw(xo, t)? for all 0 < t < dg.
: s

Then ({7 “(G)) = HL037(G).



The principal inverse of the gamma function
ooooo
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Abstract

Let I'(xz) be the gamma function in the real axis and « the maximal
zero of I'(z). We call the inverse function of I'(z)|(a,0) the principal in-
verse and denote it by I (). We show that T'"*(z) has the holomorphic
extension I'*(z) to C\ (—o0, T'(a)], which maps the upper half plane into
itself, namely a Pick function, and that T'(T'""*(z)) = z on C\ (—o0, I'(c)].



Remarks on analytic projection on certain compact groups
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Concavity of an auxiliary mean function and its
application

Kenjiro Yanagi* Shigeru Furuichi'and Ken Kuriyama?

Theorem 1 For xz > 0, we set the function of y as

Py) = (lzxy)w.

Then F(y) has following properties.

(i) F(y) is monotone increasing for y € R.
(i1) F(y) is convex fory < 0.
(¥)

(iii) F(y) is concave fory > 1/2.

Proof of Thorem 1:

(i) Since F(y) > 0 for x > 0 and y € R, it is sufficient to prove d% log F'(y) > 0 for the
proof of F'(y) > 0. We have

Then we put
G(r)=(r+1)log2+rlogr— (r+1)log(r+1),(r>0),

where we put ¥ = r > 0. From elementary calculations, we have G (r) > G (1) =0
which implies % log F' (y) > 0.
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(ii) We firstly set f (y) = log F' (y) . Since F(y) > 0, we have only to prove f”(y) > 0
for the proof of F”(y) > 0. We set again g (y) = £, (z > 0,y < 0). Then we have

x ogx 2 e .
i logg (y) = =2 > 0. In addition, by f (y) = }log g (y), we have

lg'(y) 1
fy) =~ — —logg(y) > 0.
) ygy) ¢ )
" _ {4 2
By %logg((y) _ 9y (;/()y);{g ()} . we have
Lgw)g" () —{g W)} 24y 2 1 d? 2,
f(y) = - - +—logg(y) = ———logg (y)—=f (y).
W=7 9(y)” oy o W)= gples W=/ W)
We prove f” (y) > 0 for y < 0. We calculate
l1z¥(logz)® 21 ( z¥ log ¥ >
4 = 25 2 (log24+ ——2" _log (1 +aY
() PR T o0 g ( )

1 2 2, 1+a¥
= ———-2Y(1+a¥)]loga? +2¥(loga?)” +2(1 4+ 2¥)" lo .
{2 (L e o+ g 2+ 0% g

Thus, if we put

14+ Y
2 )

h(y) = —22Y (1 + 2¥) log ¥ + 2¥(log 2¥)* + 2(1 + 2¥)* log

then we have only to prove h(y) < 0 for y < 0. Since we have h(0) = 0, we have
only to prove h/(y) > 0 for y < 0. Here we have

1 Yy
h (y) = —x¥logx {4:cy logz¥ — (logz¥)* — 4 (1 + 2Y¥) log —;x } :

If we set again

1
1(t) = 4tlogt — (logt)® — 4 (t + 1)logt;r :

where we put ¥ =t > 0, then we prove the following cases.

(a) If z <1(i.e.,t > 1), then [ (t) > 0.
(b) If x > 1(i.e.,0 <t <1), then l(t) <O0.

For the case (a), we calculate
1
I'(t) = ; (4tlog2 + (4t — 2)logt — 4tlog (t + 1))
and

2{(t+ 1) logt +t—1}
2 (t+1)

" (t) = >0,(t>1).



Thus we have I’ (t) > I’ (1) = 0, and then we have [ (t) > (1) = 0. For the case (b),

we easily find that
" 2{(t+ 1) logt +t—1}
1" (t) =
t2(t+1)

Thus we have ' (t) > I’ (1) = 0, and then we have [ (¢) < [ (1) = 0. Therefore we
have h/(y) > 0 for y < 0.

a2 1 /14 20\
d_y2F(y>__( 5 > h(z,y),

<0,(0<t<1).

(iii) We calculate

where

2log 2
h(z,y) = (log2 — 2y)log 2 + N j y{a:y logz¥ — (1 + 2¥)log(1 + a¥)}
T

S (P + ) log)?) -
+{2y + log(1 + 2¥) } log(1 + ).
We prove h(z,y) <0 for x > 0 and y > 1/2. Then we have
dh (z,y) 1Yy log x

i (11 2v) {(fﬁy(y—Q)—y)loga:y+2(1+xy)log(1+2xy)},

dh(l y) _

W{Qxy(l + 2¥)(y + log(1 + z¥)) log x¥}

Here we note that = 0. We also put

14 av
g(x,y) ={2Y(—2+y) — y}logz¥ + 2(1 + z¥) log 5 )
If we have g (z,y) 20f0rx>0andy21/2,thenwehave%20f0r0<x§1,
and % < 0 for x > 1. Thus we then obtain h (z,y) < h(l,y) =0 for y > 1/2,

dh(1,y)
dx

due to = 0. Therefore, we have only to prove g (z,y) > 0 for x > 0 and

y>1/2.

(a) For the case 0 < x < 1, we have

Y
dg (2,y) = % {y(xy — 1)+ (y — 2)2¥ log 2¥ + 22Y log <x il 1)}
9

dx

Since g(1,y) = 0, if we prove % < 0, then we can prove g(z,y) > g(1,y) =0
for y > 1/2 and 0 < x < 1. Since we have the relations
z—1 §logx§M<0

r+1 —

for 0 < x <1, we calculate

Y+1
y(z¥ — 1)+ (y — 2) 2¥1log ¥ + 22Y log (m ;_ )

(z¥ —1) 2 (=" - 1)
y _ Yy y
<yl@—-1)+y—-2)z 2 + 2x wy2+1+1

zy —1 y/2 3y/2 Yy
_xy+3{3 2) 2?4+ (y — 2) 2™ + 3y + (y +4) 2¥} .



Thus we have only to prove
Ky) =3y —2)2" + (y—2) 2™ + 3y + (y +4) 2 > 0

for 0 <z <1 and y > 1/2. Since it is trivial k(y) > 0 for y > 2, we assume
1/2 < y < 2 from here. To this end, we prove that ki (y) = 3 (y — 2) 2%/% +
(y — 2) 2%/2 is monotone increasing for 1/2 < y < 2, and ky (y) = 3y +
(y +4) 2¥ is also monotone increasing for 1/2 <y < 2. We easily find that

dk 1
;y(y) _ Exy/2 {2(2Y +3)+3(zY + 1)(y — 2) logz} > 0,

for0<x<land1/2<y<2.
We also have

dk
2(y) _ ¥+ 3+ (y+4)z¥log .
dy
Here we prove de( >0for0<z<1land1/2<y<2 Weputagain
ks (x) =a¥ + 34 (y +4)a" logx,
then we have
dk
% =2 {2y +2) +y(y +4) loga} .

Thus we have

dk;;(x) =0 r= e—f,ﬁjﬁ; = qy.
x
Since dkg( <0for 0 <z < ay and dkg ) > 0 for oy < 2 < 1, we have
( +4) 72(y+42)
e vt
b () 2 by o) =3 = - —— = hu 1)
2y42)

Since we have dks;y) = 8(1’22)@ +4§ > 0, the function k4(y) is monotone in-
creasing for y. Thus we have

( +4) _2(y+42) 9

Y e v

/Cg(l’)Zkg(Oéy):?)— Y :]{7()>k4(1/2)_3 10/9>O,

since €' ~ 3.03773. Therefore ky(y) is also monotone increasing function
of y for 0 < z <1 and 1/2 <y < 2. Thus k(y) is monotone increasing for
y > 1/2, then we have

Kw) 2 H1/2) = — (@~ 1) > 0



(b) For the case z > 1, we firstly calculate

dg (z,y)

& (¥ —1)log ¥

1 Y
+{y(azy -1+ (y—2) asylogxy+2xylog< Zm )}logx.

We put

1+ 29
p(x,y) = (¥ — Dy + a¥(y — 2)10gxy+2xylog( Zx ) :

Then we calculate

dp(z,y) ¥ ” y
e {1 4+2Y)(y —2)logx

+2 (y(l—{—xy) — 14 (1 +2%)log (ny))}

Then we put
14+ a2Y 2
i) = =2 log +210g (L0 ) oy - 2
We have
da(r.y) (Lt oy~ Dlogr + (142" (loga? +2)
dy (14 av)°
and then
2 14+ 3
q(z,y) >q(x,1/2) =1— it + 2log ( 2\/_) - Zlogaj.
Since we find
dy(e1/2) _ (WEEHWE-D
dx de(vz+1)7F
for x > 1, we have ¢ (x,y) > q(z,1/2) > ¢(1,1/2) = 0. Therefore we have
% > 0, which implies p (z,y) > p(1,y) = 0. Thus we have %"’;’y) > 0, and
then we have g(x,y) > g(z,1/2), where
1 1241
g(x,1/2) = —5(3901/2 + 1) logz'/? + 2(z"% + 1) log (a: i ) :

To prove g(x,1/2) >0 for z > 1 and y > 1/2, we put /2 = 2z > 1 and

1 1
r(z) = —5(32 +1)logz+2(z + 1) log (%) :

Since we have r(z) = 2;(;1}:) > 0 and

1 1
r'(z) = By {z— 1 —3zlogz + 4zlog <%)},

we have 7’(1) = 0 and then we have r'(z) > 0 for z > 1. Thus we have r(z) > 0
for z > 1 by (1) = 0. Finally we have g(z,y) > g(z,1/2) > 0, for > 1 and
y>1/2. O




