ON UNIFORM CONTINUITY OF FUNCTIONS

KEISUKE IKEDA (H#8KRZFHE, K¥EHE, )

We introduce expansions that are generated from factorials by using the lemma below. For

“n-1 1
allkeN, Y " =
n=2

n! (k—1)V
The sum converges since (n + 2)! > 2" for all n € NU {0}.

For all a € [0,1], there exists a sequence {ay},>2 of non-negative integers such that a, <
n — 1, and that

> a
— n
a= Z nl’
n=2
To begin with, we give two kinds of rules below.

Let a € [0, 1]. Suppose that a has an expression:

0<a,<n-1 (n=2,3,...), a:i a—T:.
n!
n=2

Define the sequence {a}}%2 ; in the following manner:

Rule 1 If there is not any number n such that 1 < a,, <n — 2, that is, ifa, =0ora, =n—1

define a¥ = - (a* assumes only the value 0 or 1.)
Rule 2 If there is a number n such that 1 < a,, < n — 2. Define ng as the minimum of such
1
numbers. When n < ng, define o) = 1an. When n = nyg, define a;,, = 1. When
n—
n > ng, define af = 0. (Again o = Tan € {0,1})
" —
For a3, aj,... which is determined in this way, define a* as
as al a’ = at
* 2 3 n _ n
a—?+§+m+?+m—zg?
n=2

Define f(a) = a*, a € [0,1]. Then f is an increasing function.
Here, we attempt to approximate these Cantor functions.

A piecewise linear function f on [0,1] is a continuous function, if there exists a partition
{t;}iLo of [0,1] such that f is affine on each [t;_y,¢;]. In this case, (t;, f(t;)), 0 < j < N is
called a vertex.

Let L be a natural number. The approximate function of ¢ +— t* of order L is a piecewise
linear function whose vertices are the points of the form (¢,¢*), where 0 <t < 1 and Lt is an
integer.

Here, we explain the method of drawing the approximate function of the fifth order.
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a a a a a
(1) Calculate ag,as,aq,as in the expansion of t = — 243030 g =

120 20 31 T4 T s
0,1,2,...,119. Define

a
0.1 - [7}
1) “= 60
a
(0.2) as = [27) - 3a2}
(0.3) ay = E —12a9 — 4a3}
a a9 as aq
0.4 =120 (— —————— ) .
(0.4) 4 120 20 31 4
(2) We then calculate t*lz (%0) = ;% + % + % + ;ﬁ: fora=0,1,2,...,119.
(3) Complementing (1, ) we create an affine function using the data (%LO, (%) ) ,
(a=0,1,2,...,120).
We consider the union K, of the intervals of the form:
a2 | a3 an as  as ap + 1
lazas,..an = [2!4‘3!‘*"“+n!a2!+3!+“'+ o } ;
where as,as, . ..,a, run through all integers a; = 0,1,a3 = 0,2,...,a, = 0,n — 1. Example,l

et n = 3. Here we list endpoints of intervals that constitute K3 and the values of f on the
endpoints of the intervals.

as, a3 | endpoint of I, o, | min f(z) | max f(z)
z€1ay a4 z€1ay,ag
(0,0) 0,1/6 0 1/8
(0,2) 1/3,1/2 1/8 1/4
(1,0) 1/2,2/3 1/4 3/8
(1,2) 5/6,1 3/8 1/2

I
1

L TR A
32] (23] 6]

From the above examples, we learn:

Thus, K3 = [0, (13} U

Let f(z) = 2*, 2 €[0,1]. For all z € (", K, f’(z) does not exist as a finite value.
Let us recall the definition of the box dimension.

Suppose that F is subset on the number line [0, 1].

(1) Write N,.(E) for the smallest number of intervals of length r to cover E.

log N,.(E
(2) The box dimension dimpg E of the set E is defined to be dimg F = lil’% Ogli().
r—0 —logr
Let K be the nondifferentiability set of the Cantor function with respect to the expansion
generated by the factorial. Then the box dimension of the set K is 0.
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KOMLOS O & €D MORREY ZEE DRI A Dt

RV

Komlos Dfid & IXIXDHHETH 5.
Proposition 0.1. {X1, Xo,..., X,,,...} ZHEREROMHIEKO L-ERTH S5 T 5. Z
DEE, X1,Xe,..., Xp,... ORI X0, Xy oo, Xy .- IO HLT,
X, + Xy + -+ X,
k

PHIDUR S 5 & 212 TE 5.

— /T, 1<q<p<oolTHLT, HY TTuy 2%MeET. &0, R L0 LP Bi#ad
Juy s Thd e,
lall e < [QYP=11
B AT Q WFET B L THB.

HZ: = {f—Z)\jaj : Z|>\]| < OO%‘G,J‘ X7 ‘77}
j=1

Jj=1

CEHETDH. /AT
1l = inf > [
q j=1

THERONE. ZNOISZEMIE Morrey ZZfITH 25, ZZTIEBEEL LRWVWDT, Morrey 22
MDEHZIXE 2R\,

(HD)1 = {f:ZAjaj DY N <1 ixTR v&}

Jj=1 Jj=1

MR, Rk, BHIZK > TIROEMINRI Nz,

Theorem 0.2. 0< fi < fo <--- < f; <.+ ZHi7zUTWSAHIBEESNIZOE, f; € (Hf;f)l N
RONIOISIE, f= lim f; € HY, HESNB.
j—o0
COEMOFEHDMERIL [ ITHY T 2B ORRE G A DI EWHETH 722 THD.
FUR, e, BHO=KIEZ O ME R % S ffEmE TRk L 7.
DT, ZOEHDOHFEIE R, £k BHOFELITE<ES, Komlos DEH %
W= HETHHL 720,
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CRITERIA FOR THE C-INTEGRAL

TOSHIHARU KAWASAKI

The C-integral was introduced by B. Bongiorno as a minimal constructive in-
tegration process of Riemann type which contains the Lebesgue integral and the
Newton integral. Moreover B. Bongiorno, Di Piazza and Preiss gave some criteria
for the C-integral. The C-integral was introduced by D. Bongiorno as a minimal
constructive integration process of Riemann type which contains the Lebesgue in-
tegral and the improper Newton integral. Moreover she gave some criteria for the
C-integral. On the other hand, Nakanishi gave some criteria for the restricted Den-
joy integral. Moreover the author gave new criteria for the C-integral in the style
of Nakanishi. In this talk we will give new criteria for the C-integral in the style of
Nakanishi.
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Riesz D fREH Z@EH L C,
u(z) = h(x) — Gp(z,y)u(y)’ dm(y) (v € D\ E)
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