(10)

(11)

(12)

Real Numbers
lim (vVn+1—+/n)

n—oo

. n24+5n+10
111’11 ———
n—oo 2n2 — 2n + 1

. 1 \"
lim (1 — )
n—oo n+1

1 n
w1 )
() = (-1
lim
A )i+ (o 1)
Lo vVn3+2n—1
lim
n—oo n+2
o Un2+n
lim —
n—oo n 41
2 1 2
lim ( n3 +t1+n)
n—oo 7L6 + 1
n!

! !
L () 4 (1)

. n+1
lim
n— oo n

12
i @+1°

n—oo 2N

o

— DN | =

NI~ N = = w =

I
_



2 Limits of Functions

1
1) sin™' =
(1) 7
3
(2) cos_1£
2
(3) cosTlz=tan"tvV5= 2 ="
|
(4) alcl—»mla:3—3
2 -3z +1
5 1 —+1
(5) 31( v -4 +)
22 -2z +1

r—1 ajg—,’l;

3

r® — 3x + 2
=13 —z2 —z +1

(8) lim( z+2 + x—4 )

2 —5x4+4  3(z?>—-3z—2)

3
. z° +x
4
-5
(10) lim —— —*

zooo x2 — 3z 4+ 1

2 +1 42

(12) lim(
(13) lim (\/zQ—}—m—l—l—m)

Tr— 00

3z? (2z — 1)(32% + = + 2))

lim YT FL

T — 00 ‘4/$4+.’L'—$

im Va2 +1— V22 +1

Z_’°°{4/.’IJ4+1—\5/:E4+1
V1 21

(16) lim Y27 1

z—0 €T

Vi+z2 -1

2

(14)

(15)

(17)  lim

r—0 €T

. vVzz+1-1
im ———
2—0 /22 + 16 — 4

(19) lim ve-1-2

r—5 ,’L‘—5

(20) lim

I

S

r+2 3
m =
z—1x + 1 2

N[ =



(10)
(11)
(12)

(13)
(14)

(15)

Ordinary Derivatives

zrsinx + cosx

1
tan x

e’ coszx

zlogz — x

T

log x
(:172 + 1)7
cos 522
(sin 3z)?
1
(@7 +1)?

v/ 22 + a?

108 2z

vV1+2logx

log(log z)

x.’l)

/1 — 22
1+ 22

.1 T
- >0
sin”™" — (a >0)

(tan™*! 2z)3

1
cos™1 =
T

(z? =3z 4+ 3)(z? + 2z — 1)

(z® — 3z +2)(z* + 22 - 1)

(Vo +1) (%—1

42° + 4z

3
4
5 +.7,'_4

2+ 22 +22 42

cos 2z(1

(@ +1)?
I COoST

—COSGC2CE

e”(cos T — sin z)

log x

logz — 1
(log z)?
14z(z? +1)8

—10z sin 572

2 sin 6x
4z
(% + 17
222 + a?

z2 + a2

— 2z sin 2z)

1
zy/1+ 2logz
1

zlogx

z%(logz + 1)

4% =322 -8z + 9

728 —10z* + 822 — 1222 + 42 + 3

z4+1
2z\/T



(39)

(40)
(41)

(42)

(i —\/5) (4x€/§+ %

Jz

(z? —1)(2? — 4)(2* - 9)

(1+vz)(1 +v2z)(1 + V3z)

r+1
x—1

z
2 +1

32241
r—1

z3 — 2z
224+z+1
ar +b
cx+d

(ad — bc # 0)

3(227+—11) + (2> -=1)(1—=z)

z3 —2

224
b2 — 22
224+z-1

3 +1
sinz + cosx

x
1 —cosx

tanx

T

sin x x

T sinz

sin x

1+ coszx

5 V3 48/ 27$2)

Vo oo ave

1— 22

14+ V2 + V34 22z + 2¢/3z + 26z + 32/6

2Vx

322 —6z—1
(z—1)2

xt +22% + 522 — 2
(22 4+ 2+ 1)2

ad — be

(cz + d)?

4x
3(z2 —1)2+ 1+ 2z — 322

2z (2% — 5)
(@ -2y

622
@+ 17
62> 2
3 —1

32241 °

3tz 41
20 —3 2
z2 -3z +6
423(2b% — 3:2)2
b2 — 22
1422+ 322 —22% — 24
(1+2%)2

cosx —sinx

1—coszx—zsinx

(1 —cosz)?

T —sinxcosx

z2 cos? x

( in) (=5 - —
zcost —sinz) [ — — ——
22 sin’z

1

1+ coszx



4 Taylor’s Theorem

(1)

(2)

x

sinx + cosx

rsinx
1+tanzx

—tanz
4

COST — 3 COS3 T

3sin?z —sin® z

gtan?’z—tanx—l—x

3sin(3z + 5)
o1

sin —

(1 4 sin? z)*

zsin 'z

log sin z

tan™! (log z?)

1+x
1—=x

log

1
(1+=)?

1+

Application

z
Sh — <log(1 .
ow1+$<og( + z)

<tan 'z <=z

z
1422

Set f(z) =log(l +z) —

sinz + cosz + z(sinz — cos )
14 sin2z

(1 +tanz)(sinz + zcosz) — rsinzsec’ z

(1 +tanz)?

tan® zsec? x

—sin®z

3 . .
5 Sin 2z(2 — sin z)
tan® z
9cos(3z + 5)
1
3
—2z° cos 2

4(1 + sin® z)3 sin 2z

.1 T
sin T+ —F————
V1 — x2
1 2zcos lz

22y/1 — 22 x3

222
(1+ 22)?

2z z?

tan~tz (1 +z2)(tan"!z)2
cotx

2
z(1 + (log 2%)?)

n=0
1 = alBe@n-g)
+—$+7§(—) 5.4 (2n) z

J0)=0,f(z)=(1+2)"? >0 (z >0)

tan™! z 20° >0
an xr — =
1422 (1+22)2 =

1+z




(3) zlogz>z—-1 (z>0) (zlogz —x+ 1) =logz =0 (z = 0)

2
—zr<sinz <z <1‘<E sinz — —z)’ = —sinz <0
4 0 5
T T

(5) az-1)<z*-1<az*(z-1) (a>1,z>1)

(z*—1-a(z—1) =a(z*'-1)>0,f(0)=a—-1>0

z z? z"
(6) € >1+.’E+7+"‘+m (.’L‘>0)
xn—l
Use induction and (lhs —rhs) = e* — (1 +z+---+ ( 1)') >0
n—1)!
r+1
x T

log z

(8) Find extrema of

z !
1 1-1
Use ( ng) = ﬁ. e~ ! (maximum)
z z
7
(9) Find extrema of sin? z — V3cosz (0 < z < 2r). 1 (mazimum), V3 (minimum)
1
(10) Find extrema of 2”log . 5 (minimum)
e
(11) Examine extrema of 2(e” 4+ e~ " cosz) — x> — z? around z = 0 4 (mazximum)
L’Hospital’s Method
. 1—-cosz
DNTES = 12
1

(2) lim 227 1

r—1 1 — X

2
o :
(4) limz'/® 1
1

(5) lim (tanx — ) 0

z—7/2—0 COosT

1 2

6) lim (1087 0

T — 00 x

T _emT _9

(7) lim <—° —=% 2

z—0 T —Ssinzx
(8) liral_omlogm 0
(9) lim z (g —tan™! x) 1
(10)  lim (14 z)'/® 1
(11) liml(l—loga:)l/l‘)g“c 1/e

r—0 X

(12) lim (“z +bz)l/z (a,b> 0) Vab



6 Fucntions of 2 Vairables

sin zy

1 lim @——— 0
) (2.9)=(0,0) /22 + 32
3
2 | —— 0
) lon 2 + 4
23 4P
3 0
) carion o+ 4P
4 lim  zylog(z® + y° 0
) (i oy Ty o8 + )
2
5) f(@.v)= 5 (@) #(0,0)), f(0,0)=0is continuous at (0,0)
T Y
False since f(z,0) = 1(z # 0)
-y —0; :
6) f(z,y) = e P ((z,y) # (0,0)), f(0,0) =0 is not continuous at (0,0) True
2
7 f(z,y) = 2ij- 5 ((z,y) # (0,0)), f(0,0) = 0 is continuous at (0,0) True
a2 +y

7 Partial Derivatives

(1) =z= z2 +y® — 3azy
() == VTP

(3) z=e*cosby

(4) = =log(s® + )

(5) z=2aY

(6) ==sin(x/y)

(1) z=ay(2z + 3y)
(2) z=e"

(3) 2= cos(z — 2y)
(4) z=log(e" +e¥)

(5) z=sin"!(zy)

(1) = =log(a” +y%)
(2) z=¢€"cosy

(3) ==tan"'(2/y)

Zp = 322 — 3ay, zy = 3y2 — 3azx

Zg =x[2,2y = y/z

z2y = ae®® cos by, z, = —be*” sin by

2 = 22/(2% +y°), 2, = 2y/(a® + ¢°)
Ze = ya:y_l,zy =zYlogzx

1 T
22272’ =

o N

4x + 6y
e™(1+ zy)

2 cos(z — 2y)
et ty
- (ex + ey)2

x2y2(1 _ .1623,[2)_3/2 + (1 _ x2y2)_1/2



8 Composite and Implicit Functions

Find partial derivatives z,, 2,

(1) z=log(z*> +y?),z=u—v,y=u+v

(2) z=e*tY, x =log(u +v),y = log(u — v)

Calculate dy/dz.
1) z22+zy—9°=1
(2) 2®—3azy+vy®=0

(3) €* +e¥ =e"tY

9 Application

Find the extrema.

(1) 22 —zy+9° -4z —vy

(2) zy(2-=z-y)

(3) wy(z® +y” +1)

(4) (2®+y)e"

(5) 2?4+ 4day+2y° — 6z —8y—1

6) z®—9zy+y>+1

Find the extrema of implicit functions.

(1) z22—2y+1y2-3=0

(2) zy(ly—=)—-16=0
(3) #3—-3zy+y?
(4) z*+322+y3—y=0
Use Lagrange’s method.
(1) z+ywithz?+9y2-8=0
2) 224+ y? withzy—1=0
Y Y

(3) zywitha? +zy+y2=1

2u 2v
= 2y =
u2 + 02’ u2 + v2

Zy = 2U, 2, = =20

2x +y
2y —z

T4 —ay
ar — vy

e*(e¥ —1)
e¥(1 —e®)

local minimum — 7, at (3,2)
8 2 2
local mini —,at (5,
ocal minimum -, a (3, 3)
no extrema
local minimum 0, at (0,0)

no extrema

local minimum —26, at (3,3)

(z—=2y)y =2z -y, (z-2y)y" +(1-2¢" )y =29
local mximum 2 at x = 1, local minimum —2 at z = —1

local minimum 4 at x =2
local maximum /4 at z = /2

local maximum 4 at £1, local minimum 0 at x =0

minimum —4, maximum 4

minimum 1, no maximum

minimum —1, maximum %



(4) z?+y? with 2® —6zy +3* =0 local minimum 0, local maximum 18

Find the maxima and minima.

1 2 2
(1) z=—-+-with 5 +—5=— (a¢>0) minimum ——, maxmum £
x oy x Y a a a
1 1 .. .
U=z zwith =4+ -4+ - = minimum 1, no maximum
(2) +y+zwith —4+=+-=1 1,
T Yy z
1
3) w=y?+42%2 — dyz — 2zz — 2zy with 222 + 3y®> + 622 =1 minimum ——, maximum 1
2
10 Infinite Series
Calculate the sum.
- 3 - 1 1 3
1 =3 — —
(1) T;(n+1)(n+2) ;(n+1 n+2) 2
@) i 1 B i 1(1 1 1( 1 1 1
“— n(n+1)(n+2) S~ \2\n a4+l 2\n+1 n+2)) 4

=1 1
4 —_— =1 i —
(4) E nn DR p case in o

n=1 n=1

o0 o0

1 1 1

(5) Zl 777 R p= 3 case in > -

=1
6 =1
(6) ;nbgn FB p=1 casein Z 1ogn

RETHBZEIZO2ENLSIZLT %%Né_aﬁz%éoﬁﬁsz1l<
2 (b > 1) LTI ZDE I n i 20 IHY, nlogyn < k2F L7 hpb .

oo

1
anogn logy € nzlk o

= Vn NZEE
(7) Zln2+2 IR 2 12 _3/2—>1(n—>oo)

— 1 11
) _—
(8) glogn FE logn n—1 00 (n = 00)
(9) Zstf IR sin? —— — 7?2 (n — 00)

n

n=1

— 1 11
(10) Z3n_2n eSS 3n_2n3—n—>1(n—>oo)



11 Power Series

Does the sum absolutely converge or not ?

©) X
Prove
(1) tog(l+2) =Y (-1 (o] < 1)

® 1 :1+Z(_1)n1-3---(2n—1)

2-4---(2n)

1-3---(2n —1) a2+l

2-4---(2n) 2n+1

2n+ 3 1 2( )
- 5 — —
33 —n—1n"2 3 oo

R

1
FRE sinzj—wr(naoo)
nn

n+12" 1
R ~tlZ 1

5nt) 5 g <1(n—00)

ey n(3n—2)n_3n—2 3

N A
o+ 3 m3 g (=)

1 1
R 1 Gogmy ~ Togn 0 » =)

absolutely convergent
not absolutely convergent

not absolutely convegent

n! 1
= e
n+1)! n+1

(—00,00)  since 0 (n — o)

{0} since V" =n — 0o (n — o0)

[_%, 5] since —Zx” — %(zx)n
1 - n n
e S KD
(lz|] < 1) (1+2)/2 = Z (Z)xn 1h

(2] < 1)



